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him to society are endless, and the dedication of this 
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PREFACE 



This book introduces the concept of neutrosophic bilinear 
algebras and their generalizations to n-linear algebras, n>2. 

This book has five chapters. The reader should be well-versed 
with the notions of linear algebras as well as the concepts of 
bilinear algebras and n- linear algebras. Further the reader is 
expected to know about neutrosophic algebraic structures as we 
have not given any detailed literature about it. 

The first chapter is introductory in nature and gives a few 
essential definitions and references for the reader to make use of 
the literature in case the reader is not thorough with the basics. 
The second chapter deals with different types of neutrosophic 
bilinear algebras and bivector spaces and proves several results 
analogous to linear bialgebra. 

In chapter three the authors introduce the notion of n-linear 
algebras and prove several theorems related to them. Many of 
the classical theorems for neutrosophic algebras are proved with 
appropriate modifications. Chapter four indicates the probable 
applications of these algebraic structures. The final chapter 
suggests about 80 innovative problems for the reader to solve. 
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The interesting feature of this book is that it has over 225 
illustrative examples, this is mainly provided to make the reader 
understand these new concepts. This book contains over 60 
theorems and has introduced over 100 new concepts. 

The authors deeply acknowledge Dr. Kandasamy for the proof 
reading and Meena and Kama for the formatting and designing 
of the book. 



W.B.VASAI\TTHA KANDASAMY 
FLOREWT1N SMARANDACHE 




Chapter One 



1NTR3DUCTIONTO B\S#C CONCEPTS 



This chapter has two sections. In section one basic notions 
about bilinear algebras and n-linear algebras are recalled. In 
section two an introduction to indeterminacy and algebraic 
neutrosophic structures essential for this book are given. 



1. 1 Introduction to Bilin ear Algebras and their 
Generalizations 

In this section we just recall some necessary definitions about 
bilinear algebras. 

DEFINITION 1.1.1: Let (G, +, •) be a bigroup where G - Gi u 
G 2 ; bigroup G is said to be commutative if both ( G h + ) and ( G 2 , 
•) are commutative. 

DEFINITION 1.1.2: Let V = Vj uV 2 where V 2 and V 2 are two 
proper subsets of V and V 2 and V 2 are vector spaces over the 
same field F that is V is a bigroup, then we say V is a bivector 
space over the field F. 

If one of V i or V 2 is of infinite dimension then so is V. If Vj 
and V 2 are of finite dimension so is V; to be more precise ifVi is 
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of dimension n and V 2 is of dimension m then we define 
dimension of the bivector space V - V / uV 2 to be of dimension 
m + n. Thus there exists only m + n elements which are linearly 
independent and has the capacity to generate V = V 1 uV 2 . 

The important fact is that same dimensional bivector spaces are 
in general not isomoiphic. 

Example 1.1.1: Let V = V, u V 2 where Vi and V 2 are vector 
spaces of dimension 4 and 5 respectively defined over rationals 
where Vi = {(a^) I a,| e Q}, collection of all 2 x 2 matrices with 
entries from Q. V 2 = {Polynomials of degree less than or equal 
to 4 with coefficients from Q } . Clearly Visa finite dimensional 
bivector space over Q of dimension 9. In order to avoid 
confusion we can follow the following convention whenever 
essential. If v e V = Vi u V 2 then v e Vi or v e V 2 if v e Vi 
then v has a representation of the form (x ls x 2 , x 3 , x 4 , 0, 0, 0, 0, 
0) where (x b x 2 , x 3 , x 4 ) eVjifvG V 2 then v = (0, 0, 0, 0, y l5 y 2 , 
y. 3 , y 4 , ys) where (yi, y 2 , y 3 , y 4 ,y 5 ) e V 2 . 

DEFINITION 1.1.3: Let V - V/ u V 2 be a bigroup. If Vj and V 2 
are linear algebras over the same field F then we say V is a 
linear bialgebra over the field F. 

If both V 1 and V 2 are of infinite dimensional linear algebras 
over F then we say V is an infinite dimensional linear bialgebra 
over F. Even if one ofVi or V 2 is infinite dimension then we say 
V is an infinite dimensional linear bialgebra. If both Vi and V 2 
are finite dimensional linear algebra over F then we say V = V\ 
uV 2 is a finite bidimensional linear bialgebra. 

Examples 1.1.2: Let V = V| u V 2 where V ] = [set of al Inxn 
matrices with entries from Q} and V 2 be the polynomial ring 
Q[x]. V = V| u V 2 is a linear bialgebra over Q and the linear 
bialgebra is an infinite dimensional linear bialgebra. 

Example 1.1.3: Let V = V 1 u V 2 where Vj = Q x Q x Q abelian 
group under ‘+\ V 2 = {set of all 3 x 3 matrices with entries 
from Q} then V = V 3 u V 2 is a bigroup. Clearly V is a linear 



10 




bialgebra over Q. Further dimension of V is 12; V is a 12 
dimensional linear bialgebra over Q. 

The standard basis is {(0 1 0), (1 0 0), (0 0 1)} u 



f l 0 0 A 
0 0 0 
0 0 0 



V 



^0 1 (Y 
0 0 0 
0 0 0 



^o o O 
0 0 0 
0 0 0 



fo 0 0^ 
1 0 0 
0 0 0 



^0 0 
0 1 
0 0 



V 



0" 
0 , 
oj 



'0 0 0" 

0 0 1 , 

V° 0 °y 



'0 0 0 " 
0 0 0 , 
v l 0 0 y 



'0 0 0 " 
0 0 0 , 
v 0 1 0 y 



'o o oY 
0 0 0 
v 0 0 lj 



DEFINITION 1.1.4: Let V = Vj uV 2 be a bigroup. Suppose V is 
a linear bialgebra over F. A non empty proper subset W of V is 
said to be a linear subbialgebra of V over F if 

i. W -Wi uW 2 is a subbigroup of V - V \ u V2. 

ii. W 1 is a linear subalgebra over F. 

Hi. W 2 is a linear subalgebra over F. 

For more refer [48, 51-2]. For n-linear algebra of type I and II, 
refer[54-5]. 



1. 2 Introduction to Neutrosophic Algebraic Structures 

In this section we just recall some basic neutrosophic algebraic 
structures essential to make this book a self contained one. For 
more refer [36-43, 53]. 

In this section we assume fields to be of any desired 
characteristic and vector spaces are taken over any field. We 
denote the indeterminacy by T, as i will make a confusion, as it 
denotes the imaginary value, viz. i 2 = -1 that is V^T = i. The 
indeterminacy I is such that I . I = 1 2 = I. 

Here we recall the notion of neutrosophic groups. 
Neutrosophic groups in general do not have group structure. 
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DEFINITION 1.2.1: Let (G, *) be any group, the neutrosophic 
group is generated by I and G under * denoted by N(G) = { (G 
ul), *}. 

Example 1.2.1: Let Z 7 = {0, 1. 2, 6} be a group under 

addition modulo 7. N(G) = {(Z 7 u I), ‘+’ modulo 7} is a 
neutrosophic group which is in fact a group. For N(G) = {a + bl 
/ a, b e Z 7 } is a group under *+’ modulo 7. Thus this 
neutrosophic group is also a group. 

Example 1.2.2: Consider the set G = Z 5 \ {0}. G is a group 
under multiplication modulo 5. N(G) = {(G u I), under the 
binary operation, multiplication modulo 5}. N(G) is called the 
neutrosophic group generated by G u I. Clearly N(G) is not a 
group, for I 2 = I and I is not the identity but only an 
indeterminate, but N(G) is defined as the neutrosophic group. 

Thus based on this we have the following theorem: 

THEOREM 1.2.1: Let (G, *) be a group, N(G) - { (G ul), *} be 
the neutrosophic group. 

1. N(G) in general is not a group. 

2. N( G) always contains a group. 

Proof: To prove N(G) in general is not a group it is sufficient 
we give an example; consider (Z 5 \ {0} u I) = G = { 1. 2, 4. 3, 1, 
2 I. 4 I. 3 I}; G is not a group under multiplication modulo 5. In 
fact { 1. 2, 3, 4} is a group under multiplication modulo 5.N(G) 
the neutrosophic group will always contain a group because we 
generate the neutrosophic group N(G) using the group G and I. 

So G c: N(G); hence N(G) will always contain a group. 

* 

Now we proceed onto define the notion of neutrosophic 
subgroup of a neutrosophic group. 

DEFINITION 1.2.2: Let N(G) - (G ul)be a neutrosophic group 
generated by G and I. A proper subset P(G) is said to be a 
neutrosophic subgroup ifP(G) is a neutrosophic group i.e. P(G) 
must contain a (sub) group of G. 
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Example 1.2.3: Let N(Z 2 ) = <Z 2 u I) be a neutrosophic group 
under addition. N(Z 2 ) = {0, 1, I, 1 + I}. Now we see {0, 1} is a 
group under + in fact a neutrosophic group {0, 1 + 1} is a group 
under ‘+’ but we call {0, 1} or {0, 1 + 1} only as pseudo 
neutrosophic groups for they do not have a proper subset which 
is a group. So {0, 1} and {0, 1 + 1} will be only called as pseudo 
neutrosophic groups (subgroups). 

We can thus define a pseudo neutrosophic group as a 
neutrosophic group, which does not contain a proper subset 
which is a group. Pseudo neutrosophic subgroups can be found 
as a substructure of neutrosophic groups. Thus a pseudo 
neutrosophic group though has a group structure is not a 
neutrosophic group and a neutrosophic group cannot be a 
pseudo neutrosophic group. Both the concepts are different. 

Now we see a neutrosophic group can have substructures 
which are pseudo neutrosophic groups which is evident from 
the following example. 

Example 1.2.4: Let N(Z 4 ) = (Z 4 u I) be a neutrosophic group 
under addition modulo 4. (Z 4 u I) = {0, 1, 2, 3, 1, 1 + I, 21, 31. 1 
+ 21, 1 + 31. 2 + I. 2 + 21, 2 + 31, 3 + I, 3 + 21, 3 + 31}. o«Z 4 u 
I» = 4 2 . 

Thus neutrosophic group has both neutrosophic subgroups 
and pseudo neutrosophic subgroups. For T = {0, 2, 2 + 21, 21} is 
a neutrosophic subgroup as {0 2} is a subgroup of Z 4 under 
addition modulo 4. P = {0, 21} is a pseudo neutrosophic group 
under ‘+’ modulo 4. 

DEFINITION 1.2.3: Let K be the field of reals. We call the field 
generated by K u I to be the neutrosophic field for it involves 
the indeterminacy factor in it. We define 1 2 = I, I + I - 21 i.e., 1 
+ ...+ I = id. and ifkeK then k.I — kl, 01 - 0. We denote the 
neutrosophic field by K(I) which is generated by K u I that is 
K(I) - (K ul). (K u I) denotes the field generated by K and I. 

Example 1.2.5: Let R be the field of reals. The neutrosophic 
field of reals is generated by R and I denoted by (R u I) i.e. R(I) 
clearly Rc(Ru I). 
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Example 1.2.6: Let Q be the field of rationals. The neutrosophic 
field of rationals is generated by Q and I denoted by Q(I). 

DEFINITION 1.2.4: Let K(I) be a neutrosophic field we say K(I) 
is a prime neutrosophic field if K(I) has no proper subfield, 
which is a neutrosophic field. 

Example 1.2.7: Q(I) is a prime neutrosophic field where as R(I) 
is not a prime neutrosophic field for Q(I) cr R(I). 

DEFINITION 1.2.5: Let K(I) be a neutrosophic field, P crK(I) is 
a neutrosophic subfield of P if P itself is a neutrosophic field. 
K(I) will also be called as the extension neutrosophic field of 
the neutrosophic field P. 

We can also define neutrosophic fields of prime characteristic p 
(p is a prime). 

DEFINITION 1.2.6: Let Z p = {0,1, 2, ..., p — 1} be the prime field 
of characteristic p. (Z p u I) is defined to be the neutrosophic 
field of characteristic p. Infact (Z p u I) is generated by Z p and I 
and (Z p ul) is a prime neutrosophic field of characteristic p. 

Example 1.2.8: Z 7 = {0, 1. 2, 3, .... 6} be the prime field of 
characteristic 7. ( Z 7 ul)= {0, 1, 2, ..., 6. 1. 21. ..., 61. 1 + I. 1 + 
21 6 + 61 } is the prime field of characteristic 7. 

DEFINITION 1.2.7: Let G(I) by an additive abelian neutrosophic 
group and K any field. If G( I) is a vector space over K then we 
call G(I) a neutrosophic vector space over K. 

Elements of these neutrosophic fields will also be known as 
neutrosophic numbers. For more about neutrosophy please refer 
[36-43]. We see Z n I = { al I a e Z n ] is a neutrosophic field called 
pure neutrosophic field. Likewise QI. RI and Z P I are 
neutrosophic fields where p is a prime. Thus Z 5 I = { 0, I. 21, 31, 
41} is a pure neutrosophic field. For more about neutrosophic 
vector spaces please refer [53]. 
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Chapter Two 



NfcUTR080PI^IJNEAREfc\ljCMK4 



In this chapter we introduce the notion of neutrosophic linear 
bialgebras and describe a few properties about them. Strong 
neutrosophic linear bialgebra are also introduced. This chapter 
has four sections. In section one, we introduce the new notion of 
neutrosophic bivector space. Strong neutrosophic bivector 
spaces are introduced in section two. Section three introduces 
the notion of neutrosophic bivector space of type III. Section 
four studies the biinner product in strong neutrosophic bivector 
space. 



2. 1 Neutrosophic Hvector Spaces 

In this section we introduce the notion of neutrosophic bivector 
spaces and study their properties. 
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DEFINITION 2.1.1: Let V - V/ u V 2 where each Vi is a 
neutrosophic vector space over the same field F and V, ^ V p V, 
0 Vj and Vj V,; 1 < i, j < 2, then we define V to be a 
neutrosophic bivector space over the real field F. 

Note: We assume here F is just a real field that is F is Q or Z n or 
R or C. (n a prime n < oo). 

We will illustrate this by some simple examples. 

Example 2.1.1: Let Vi = (Q u I ) = N(Q) = {a + bl | a, b e Q} 
be a neutrosophic vector space over Q. Take 



V 2 = 




b" 



a,b,c,d g N(Q) > , 



a neutrosophic vector space over Q. V = Vi u V 2 is a 
neutrosophic bivector space over Q. 

Example 2.1.2: Let V = Vi u V 2 = {N(Q)[x]} u {(a, b, c) | a, b, 
c g N(Q)}. V is a neutrosophic bivector space over Q. 

Now we will define a quasi neutrosophic bivector space. 

DEFINITION 2.1.2: Let V — Vi u V 2 be such that V / is a vector 
space over the real field F and V 2 is a neutrosophic vector 
space over F. We define V =Vj uV 2 to be a quasi- neutrosophic 
bivector space over F. 

We will give some examples of quasi neutrosophic bivector 
spaces. 

Example 2.1.3: Let V = Vi u V 2 where Vi = {Z 7 [x] | all 
polynomials in the variable x with coefficients from Z 7 } is a 
vector space over Z 7 and V 2 = {(Z 7 1 x Z 7 1 x Z 7 1 x Z 7 1) = {(a, 
b, c, d) | a, b, c, d e Z 7 1}} is a neutrosophic vector space over 
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Z 7 . Then V = V, u V 2 is a quasi neutrosophic bivector space 
over Z 7 . 

Example 2.1.4: Let V = Vi u V 2 where Vi = {QxQxQxQx 
R} = {(a, b, c, d, e) | a, b, c, d e Q and e g R} is a vector space 
over Q and V 2 = {QI x Q x QI x Q x QI} = {(a, b, c, d, e) | a, c, 
e g QI and b, d g Q} is a neutrosophic vector space over Q. 
Thus V = Vi u V 7 is a quasi neutrosophic bivector space over 

Q. 

Now we define substructures of these structures. 

DEFINITION 2.1.3: Let V = Vi u V2 be a neutrosophic bivector 
space over the field F. Let W = Wj UW2 crVi UV2 be such that 
W is a neutrosophic bivector space over F, then we define W to 
be a neutrosophic bivector subspace of V over F. 

We will illustrate this by some examples. 

Example 2.1.5: Let V ~ V| u V 2 



= {Z 3 I X Z3I X Z3I X Z3I} U 







a, b, c, d g N(Z 3 ) 



be a neutrosophic bivector space over the field Z 3 . Let W = Wi 

u W 2 



{(a, b, 0, 0) | a, b g Z 3 I} u 



a b 
c d 






a,b,c,d g Z.I 



j 



cVi u V 2 ; W is a neutrosophic bivector subspace of V over the 
field Z 3 . 

Example 2.1.6: Let V ~ V| u V 2 



= N (Q) [x] u 



^a b e 



d f h 



a,b,c,d,e,f,g,h g QI 
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be a neutrosophic bivector space over the field Q. Let W = Wi 

u W 2 



= Q 1 M u 



If a b e 

|[o 0 0 0 y 



a,b,e,g g Q1 



c Vj u V 2 , W is a neutrosophic bivector subspace of V over the 
field Q. 

DEFINITION 2.1.4: Let V = V/ UV 2 be a neutrosophic bivector 
space over the field F. Let W = W/ ljW? crVi u V 2 be such that 
W is only a quasi neutrosophic bivector space over F; that is 
one of Wi or VIA is only a neutrosophic vector space over F and 
other is just a vector space over the field F; then we call W to be 
a pseudo quasi neutrosophic bivector subspace of V over the 
field F. 

Example 2.1.7: Let V = Vi u V 2 where Vi = (Z 5 1 x Z 5 1 x Z 5 1) 
a neutrosophic vector space over Z 5 and V 2 = N(Z 5 )[x] a 
neutrosophic bivector space over Z 5 . V = Vi u V 2 is a 
neutrosophic bivector space over the field Z 5 . 

Take W = W,uW 2 = {Z 5 I x {0} x {0}} u {Z 5 I [x]} c V, 
u V 2 ; W is a pseudo quasi neutrosophic bivector subspace of V 
over Z 5 . 



Example 2.1.8: Let V = Vi u V 2 



fa b 




d e f 


a,b,c,d,e,f,g,h,i e RI 


U b iy 





[ a i a 2 a 3 

jib, b 2 b 3 



b 4 b 5 J 



a £ ,bj g N(Q); 1 < i < 5 
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be a neutrosophic bivector space over the field Q. 
Take W = W,uW 2 



(a. b 




Ode 


a,b,c,d,e,f g Q1 


lo o f y 





a, a 0 



a, a, 



a < 



V 



0 0 0 0 0 



a t eQ;l<i<5 



cVjU V 2 ; W is a pseudo quasi neutrosophic bivector subspace 
of V over the field Q. 

DEFINITION 2.1.5: Let V — Vi uV2be a neutrosophic bivector 
space over the field F. Suppose W - W/ u W 2 c: V / uV 2 is such 
that W is just a bivector space over the field F then we define W 
to be a pseudo bivector subspace ofV over the field F. 

We will give some examples of this notion. 

Example 2.1.9: Let V = Vi u V 2 = 

a,b,c,de N(Z n ) 



lf a k 
|l c d 



u ({N(Zn) x N(Zn) x N(Zn) x N(Zn)) be a neutrosophic 
bivector space over the field Z n . Let W = Wi u W 2 = 

a,b,c,d g Z 



u {(a, b, c, d) | a, b, c, d e Z n j cV, uV 2 bea bivector space 
over Z n . Thus W is a pseudo bivector subspace of V over the 
field Zn. 




j^a b 

|l c d 
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Example 2.1.10: Let V = Vi u V 2 = 




a t eN(Q);l<i<6 



u {N(Q) x N(Q) x N(Q) x N(Q)} be a neutrosophic bivector 
spaces over the field Q. 

Take W = W,uW 2 = 




a, eQ;l<i<6 



u (Q x Q x {0} x {0})} c V! u V 2 ; W is a pseudo bivector 
subspace of V over the field Q. 

DEFINITION 2.1.6: Let V - V/ UV 2 be a neutrosophic bivector 
space over the field F. Let W - Wj U VL? czV 1 U V 2 be such that 
W is a neutrosophic bivector space over the subfield K cr F. 
Then we call W to be a neutrosophic special bivector subspace 
of V over the subfield K ofF. 

We will give some examples. 

Example 2.1.11: Let V = Vi u V 2 = {RI[x]} u 

a,b,c,de R1 




be a neutrosophic bivector space over the field R. Take W = Wi 
u W 2 = {QI [x]} u 




a,b,d g RI 
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c Vi u V 2 ; W is a neutrosophic special bivector subspace of V 
over the subfield Q of R. 

Example 2.1.12: Let V = V! u V 2 = (RI x RI x RI) u 



a i a 2 a 3 

v a 5 a 6 a 7 



a, eRI;l<i <8 



be a neutrosophic bivector space over the field Q ( V2 ). Take W 
= WiUW 2 = {(QI x Q1 x Ql)} u 



\( a i a 2 a 3 

[(o 0 0 



a ; eRI;l<i<4 



cVjU V 2 , W is a neutrosophic special bivector subspace of V 
over the subfield Q c Q ( -v/2 ). 

DEFINITION 2.1.7: Let V - Vi u V2 be a neutrosophic bivector 
space over the field F. If V has no neutrosophic special bivector 
subspace then we call V to be a neutrosophic special simple 
bivector space over F. 

Example 2.1.13: Let V = Vi u V 2 = {QI x QI} u {Ql[x]} be a 
neutrosophic bivector space over the field F = Q. V is a 
neutrosophic special simple bivector space over Q as Q has no 
proper subfield. 

Example 2.1.14: Let V = Vi u V 2 = Z 23 I x Z 23 I x Z 23 I x Z 23 I} u 

a,b,c,de Z 23 I 

be a neutrosophic bivector space over the field Z23. V is a 
neutrosophic special simple bivector space over Z 23 as Z 23 is a 
prime field. 



If a k 
|l c d 
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In view of these examples we have the following interesting 
theorem. 

THEOREM 2.1.1: Let V - V\ u V 2 be a neutrosophic bivector 
space over the field F. If F is a prime field of characteristic zero 
or a prime p then V is a neutrosophic special simple bivector 
space over F. 

Proof: Given F is a prime field of characteristic zero or a prime 
p, so F has no subfields. Thus for no W = Wi u W 2 c Vi u V 2 
can be neutrosophic special bivector subspace of V = Vi u V 2 
as F has no subfield. Hence the claim. 

Now we proceed onto define the notion of neutrosophic bilinear 
algebra. 

DEFINITION 2.1.8: Let V - Vj u V2 where both Vj and V 2 are 
neutrosophic linear algebras over the field F, then we define V 
to be a neutrosophic bilinear algebra over F. 

We will illustrate this by some simple examples. 

Example 2.1.15: Let V = V, u V 2 = 

a,b,c,d e QI 



(f a b 

|l c d 



u (QI x QI x QI x QI x QI)} be a neutrosophic bilinear algebra 
over Q. 

Example 2.1.16: Let V = Vi uV 2 = 



fa 0 " 
b c , 



V 



a,b,ceZ 29 I u {Z 29 I [x]}, 



V is a neutrosophic bilinear algebra over the field Z 29 . 
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Now as in case of neutrosophic bivector spaces we can define 
the following substructures. 

DEFINITION 2.1.9: Let V - Vj u V 2 be a neutrosophic bilinear 
algebra over the field F. If W - W t u W 2 cr \f u V 2 is a 
neutrosophic bilinear algebra over the field F then we call W to 
be a neu trosophic bilinear subalgebra ofV over the field F. 

We give an example. 

Example 2.1.17: Let V = V| u V 2 = 



fa b c^ 




Ode 


a,b,c,d,e,f e QI 


lo 0 f y 





u {Q1 x Q1 x Q1 x QI} be a neutrosophic bilinear algebra over 
the field Q. 

Choose 



r 



W 



V 



a 0 0 
0 b 0 
0 0 c, 



a,b,c £ Ql 



u {QI x {0} x {0} x QI} =WiuW 2 cV 1 u V 2 ; W is a 
neutrosophic bilinear subalgebra of V over Q. 

DEFINITION 2.1.10: Let V = V} u V 2 be a neutrosophic bilinear 
algebra over the field F. Let W = Wj u W 2 cr V t u V 2 be a 
neutrosophic bilinear algebra over a subfield K cr F; then we 
define W to be a neutrosophic special bilinear subalgebra of V 
over the subfield K of F. If V has no special neutrosophic 
bilinear subalgebra’s then we call V to be a special 
neutrosophic simple bilinear algebra or neutrosophic special 
simple bilinear algebra. 
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We will illustrate this by some simple examples. 



Example 2.1.18: Let V = Vi u V 2 = 



a,b,c,de RI 



u {Ri[x] be a neutrosophic bilinear algebra over the field R. 
Take W = Wi u W 2 = 



b 

|l c d 



a b 
c d 






a,b,c,de QI 



A 



u {QI[x]} c Vi u V 2 ; W is a neutrosophic special bilinear 
algebra over the subfield Q of the field R. 



Example 2.1.19: Let V = V, u V 2 



a, a. 



V a 7 a 8 



* 9 J 



a ; eQI;l<i<9 



u {Rl [x]} be a neutrosophic bilinear algebra over Q. Clearly V 
is a neutrosophic special simple bilinear algebra. 

Example 2.1.20: Let V = V, u V 2 = {Z 7 I [x]} u {Z 7 1 x Z 7 I x 
Z 7 I} be a neutrosophic bilinear algebra over the field Z 7 . V is a 
neutrosophic simple bilinear algebra. 

In view of these examples we have the following theorem, 
the proof of which is left as an exercise for the reader. 

THEOREM 2.1.2: Let V = Vi UV2 be a neutrosophic bilinear 
algebra over the field F, where F is a prime field (i.e„ F has no 
subfields other than itself). V is a neutrosophic special simple 
bilinear algebra. 
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DEFINITION 2.1.11: Let V — Vj u V 2 be a neutrosophic bilinear 
algebra over a field F. Suppose W = W\ uW 2 crV/ uV 2 and if 
W is only a bilinear algebra over the field F, then we call W to 
be a pseudo bilinear subalgebra ofV over the field F. 

Example 2.1.21: Let V^V, u V 2 = 

a,b,c,d g N(Q)| 

u {Q x QI x QI x Q} be a neutrosophic bilinear algebra over 
Q, where W = Wi u W 2 



a b 

c d 



a,b,c,d e Q 



u {Q x {0} x {0} x {0}} c V, u V 2 ; W is a pseudo bilinear 
subalgebra of V over the field F. 

Example 2.1.22: Let V = V| u V 2 = 



j^a b 

[l c d 



f a 


b 


C 1 




d 


e 


f 


a,b,c,d,e,f,g,h,k e N(R) 


u 


h 







u {(a, b, c, d) | a, b, c, d e N(Q)} be a neutrosophic bilinear 
algebra over the field Q. Take W = W 2 u W 2 = 



r a b 




Ode 


a,b,c,d,e,f e R 


lo 0 f y 
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u {(a, b, 0, d) | a, b, d g Q} c V, u V 2 ; W is a pseudo bilinear 
subalgebra of V over Q. 

DEFINITION 2.1.12: Let V — Vi u V? be a neutrosophic bilinear 
algebra over the field F. Let W - Wj u W 2 cr V] u V 2 be a 
proper bisubset of V which is just a neutrosophic bivector space 
over the field F. We define W to be a pseudo neutrosophic 
bivector subspace of V over F. 

We will illustrate this by some simple examples. 

Example 2.1.23: Let V = ViuY 2 = 



tS a - xi 



a i eQl,i = 0,l,2,...,n<oo> u 





b l 


v C 


d J 



a, b,c,d 6 Q1 



be a neutrosophic bilinear algebra over the field Q. Let W = Wi 

u W 2 = 






a, e QI,i = 0,1,2,...,5 > u 



' 0 a" 
vb 0 y 



a,b g Q1 



cViU V 2 , W is a pseudo neutrosophic bivector subspace of V 
over Q. 

Example 2.1.24: Let V = Vi u V 2 = 



f a 


b 






d 


e 


f 


a,b,c,d,e,f,g,h,i g Z n I 


U 


h 


b 
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f n 


1 


u 


2>x 

l>0 


a ; g Z u I,i = 0,l,2,...,n;n <co j 



be a neutrosophic bilinear algebra over the field Z n . Let W = 
Wi u W 2 = 





( a 


b 


C 1 




d 


0 


0 




vO 


0 


0, 



a,b,c,de Z n l > 



u 




a l eZ n I,l<i<6 



cV,u V 2 , W is only a pseudo neutrosophic bivector subspace 
of V as we see 



4 a 


b 


C 1 


4 a 


b 






4 a 2 + bd 


ab 


\ 

ac 


d 


0 


0 


d 


0 


0 


= 


ad 


bd 


cd 




0 


0, 




0 


0J 




v 0 


0 





Similarly if we take a = 2x 6 + 3x + 1 and b = (2Ix 6 + 3Ix + I) 
(3x 4 + 2x 2 + I) = 6Ix 10 + 4Ix 8 + 2Ix 6 + 91x 5 + 6Ix 3 + 3Ix + 3Ix 4 + 
2Ix 2 + I g W 2 but a, b e W 2 . Thus W is only a neutrosophic 
bivector subspace of V and not a neutrosophic bilinear 
subalgebra of V over Zn. 

We have the following interesting theorem, the proof of which 
is left as an exercise for the reader. 

THEOREM 2.1.3: Let V - Vj u V 2 be a neutrosophic bilinear 
algebra over the field F. V is clearly a neutrosophic bivector 
space over the field F.IfV is a neu trosophic bivector space over 
the field F then in general V is not a neutrosophic bilinear 
algebra over the field F. 

DEFINITION 2.1.13: Let V - Vi u V 2 where V / is only a 
neutrosophic linear algebra over the field F and V 2 is just a 
linear algebra over F then we define V = Vj UV 2 to be a quasi 
neu trosophic bilinear algebra over the field F. 
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We illustrate this by some examples. 



Example 2.1.25: Let V^V, u V 2 = 

a,b,c,d e R j u {(a b c d e f) | a, b, c, d, e, f e QI} 

be a quasi neutrosophic bilinear algebra over the field Q. 
Example 2.1.26: Let V = Vi u V 2 = 





a, b,c,d 6 QI 






V is a quasi neutrosophic bilinear algebra over the field Q. 



DEFINITION 2.1.14: Let V = V/ uVi where V j is a neutrosophic 
vector space over the field F and V2 is a neutrosophic linear 
algebra over the field F. V = Vi u V2 is defined to be a pseudo 
neutrosophic quasi bilinear algebra over F. 

We will illustrate this by some simple examples. 



Example 2.1.27: Let V = Vi u V 2 = 




u 




a,b,c,d g N(Q) 



V is a pseudo neutrosophic quasi bilinear algebra over the field 

Q- 
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Example 2.1.28: Let Y = Y|UY 2 = 



r 8 


1 


Za.x 1 


a ; eQI;0<i<8> u 


[l=0 


J 


fa b 


1 


d e f 


a,b,c,d,e,f,g,h,i e RI 


U h b 





V is a pseudo neutrosophic quasi bilinear algebra over the field 

Q- 

We can have for any neutrosophic bilinear algebra V a 
substructure which is a pseudo neutrosophic quasi bilinear 
subalgebra of V. 

DEFINITION 2.1.15: Let V - V j u V 2 be a neutrosophic bilinear 
algebra over a field F. Suppose W - Wj uW 2 <rVi u V 2 such 
that W] is a neutrosophic vector space over F and W 2 is a 
neutrosophic linear algebra over F then we define W to be a 
pseudo neutrosophic quasi bilinear subalgebra of V over the 
field F. 

We will illustrate this by some simple examples. 

Example 2.1.29: Let V = Vi u V 2 = 

a,b,c,de Q1 



j'a b 

jl c d 



u {(a, b, c, d, e, f) a, b, c, d, e, f e QI} be a neutrosophic 
bilinear algebra over the field Q. Take W = Wj u W 2 = 



fr° a^ 

[U 0 y 



a,b g Ql 



u {(a 0 c 0 e 0) | a, c, e e QI} 
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c Vi u V 2 W is a pseudo neutrosophic quasi bilinear 
subalgebra of V over the field Q. 

Example 2.1.30: Let V = Vi u V 2 = 




Z 17 I;0 < i < n < co 



u 



f a 


b 






d 


e 


f 


a,b,c,d,e,f,g,h,i e Z 17 I 


u 


h 


i. 





be a neutrosophic bilinear algebra over the field Z 27 . Choose W 

= W,uW 2 = 



2>.* 2i 



a 1 eZ 17 I;0<i<n<oo> u 



U 0 0 A 
b 0 0 
c e 0 



a, b, c, e £ Z I7 I 



c Vj u V 2 ; W is only a pseudo neutrosophic quasi bilinear 
subalgebra of V over the field Zi 7 . 

We see 

^a 0 0" 
b 0 0 e W 2 
c e 0 



But 



^a 


0 


0^ 




^a 


0 


0" 


b 


0 


0 




b 


0 


0 


v C 


e 


0J 




v c 


e 


0, 



e w 2 . 
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Now we proceed onto define linear bitransformation of a 
neutrosophic bivector space and neutrosophic bilinear algebra 
over the field F. 

DEFINITION 2.1.16: Let V - Vj uV 2 be a neutrosophic bivector 
space over a field F and W = Wj uW 2 be another neutrosophic 
bivector space over the same field F. 

Define T=T 1 uT 2 :V=V 1 uV 2 ->W=W 1 uW 2 as 
follows Ty V, —> Wj, i = 1, 2 is just a neutrosophic linear 
transformation from Vj to Wj. This T = T ] uT 2 is a neutrosophic 
linear bitransformation of V into W. If W = V then we call the 
neutrosophic linear bitransformation as neutrosophic linear 
bioperator. We denote it by BN/.( V. W ) - {set of all neutrosophic 
linear bitransformations of V - Vj u V 2 to W - Wj u W 2 j; 
BN f (V,W) = BNfiVu Wj) uBN f (V 2 , W 2 ). BNp{V,V) = {set of 
all neutrosophic linear bioperators ofVtoV and BN f (Vi, Vj) u 
BN f (V 2 , V 2 ) = BN f (V,V). 



Interested reader can study the algebraic structures of 
BN f (V,W) and BN F (V,V). However we give an example of 
each. 



Example 2.1.31: Let V = Vi u V 2 



a b 
c 0 



a,b,ceQI> u 



a b c 
d e f 



a,b,c,d,e,f e QI 



and W = Wi u W 2 = {QI x QI x QI} u 



Z a i x ‘ 



aj eQI;l<i<5 



be neutrosophic bivector spaces over the field Q. Define T = Ti 
u T 2 : V = Vi u V 2 -> W = Wi u W 2 where T 2 : Vi — > Wi and 
T 2 : V 2 — >• W 2 as follows: 
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and 



fa b'l 

Ti . = (a, b, c) 
c 0 



fa b cl 9 1 

T 7 ={a + bx + cx + dx J 

\d e fj 

+ ex 4 + fx 5 1 a, b, c, d, e, f e QI}. 

Clearly T = T! u T 2 is a neutrosophic linear bitransformation of 
V to W. 



Example 2.1.32: Let V = V| u V 2 = 

jf 3 a,b,c,d e Z 7 1 



u {Z 7 1 x Z 7 1 x Z 7 1 x Z 7 1} be a neutrosophic bivector space over 
the field Z 7 . T = Tj u T 2 : V = Vj u V 2 V = V| u V 2 , where 

Ti: Vi^Vi 

and 

T 2 : V 2 ^ V 2 

is as follows. 



^a b^ 




' c d'' 


v c d. 




a b. 



T 2 (a, b, c, d) = (a, b + c, d, a + d). 

It is easily verified. T is a neutrosophic linear bioperator on V. 



2.2 Strong Neutrosophic Bvector Spaces 

In this section we for the first time introduce the notion of 
strong neutrosophic bivector spaces and study them. 
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DEFINITION 2.2.1: Let V = Vj u V2 where V / and V2 are 
neutrosophic additive abelian groups. Suppose V - Vi UV2 is a 
neutrosophic bivector space over a neutrosophic field F then we 
call V to be a strong neutrosophic bivector space. 

We will give some examples. 

Example 2.2.1: Let V = Vi u V 2 = {Z 5 I [x]} u {Z 5 I x Z 5 1 x 
Z 5 1} be a strong neutrosophic bi vector space over the 
neutrosophic field Z 5 I. 



Example 2.2.2: Let V = V, u V 2 = 

a,b,c,d e Rll u 



^a b ^ 1 

c d 



^a b c d e 

v g h i j k 1 



a,b,c,d,e,f,g,h,i, j,k,l e QI 



be a strong neutrosophic bivector space over the neutrosophic 
field QL 

DEFINITION 2.2.2: Let V = V ] u V2 be a strong neutrosophic 
bivector space over the neutrosophic field K. If W - Wj UW2 cr 
V 1 UV2; and ifW is a strong neutrosophic bivector space over 
the neutrosophic field K, then we call W to be a strong 
neutrosophic bivector subspace of V over the neutrosophic field 
F. 

We will illustrate this by some simple examples. 

Example 2.2.3: Let V = V| u V 2 = 



3.1 3 -> 3 ^ 



V a 4 a 5 a 6 J 



a, gQI 
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U 



f a a \ 

a i a 2 

3.o 3 4 



V a 7 a 8y 



a ; eQI;l<i<! 



be a strong neutrosophic bivector space over the neutrosophic 
field QI. Take W = W,uW 2 



^a j 0 a 3 ^ 

0 a 4 0 



a 1 ,a 3 ,a 4 eQI u 



a i a 2 
0 0 

a 5 a 6 

v o o y 



a i> a 2’ a 5’ a 6 ^ 



cViU V 2 ; W is a strong neutrosophic bivector subspace of V 
over the field Ql. 



Example 2.2.4: Let V = Vi u V 2 = {QI x QI x QI} u {QI [x] } 
be a strong neutrosophic bivector space over the neutrosophic 
field QI. Take W = WjuW 2 = {(QI x {0} x QI} u 




a; eQI;0<i<' 



cViU V 2 , W is a strong neutrosophic bivector subspace of V 
over QI. 

Let us define the notion of strong neutrosophic bilinear algebra. 

DEFINITION 2.2.3: Let V — V] u V2 be a neutrosophic bilinear 
algebra over the neutrosophic field K, we define V to be strong 
neutrosophic bilinear algebra over K. 

We will illustrate this by examples. 
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Example 2.2.5: Let V = V| u V 2 = {QI [x]} u 



a,b,d g Qlj 

be the strong neutrosophic bilinear algebra over the 
neutrosophic field QI. 

Example 2.2.6: Let V = V, u V 2 = {QI x QI x QI x QI x QI} u 

a,b,c,d g N(Q) 

be a strong neutrosophic bilinear algebra over the neutrosophic 
field QI. 

Example 2.2.7: Let V = V! u V 2 = {Z n l x Z n l x Z n l} u 



f a 


b 


C 1 




d 


e 


f 


a,b,c,d,e,f,g,h,i g N(Z n ) 


u 


h 


K 





If a b 

ll c d 



lf a b l 
jlo 



be a strong neutrosophic bilinear algebra over the neutrosophic 
field Znl. 

DEFINITION 2.2.4: Let V — V ] u V2 be a strong neutrosophic 
bilinear algebra over the neutrosophic field K. If W = W/ U W 2 
cr Vi u V 2 be a strong neutrosophic bilinear algebra over K 
then we define W to be a strong neutrosophic bilinear 
subalgebra ofV over the neu trosoph ic field K. 

Example 2.2.8: Let V = V} u V 2 = 

|f a b | a,b,c,dGQll 
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u {(a, b, c, d, e, f) a, b, c, d, e, f e QI} be a strong 
neutrosophic bilinear algebra over the neutrosophic field K = 
QI. Take W = Wi u W 2 = 



(fa 0^ 

{[o d y 



a,d g QI 



u {(a, 0, 0, d, 0, f) | a, d, f g QI} c Vi u V 2 ; W is a strong 
neutrosophic bilinear subalgebra of V over K = QI. 

Example 2.2.9: Let V ~ V| u V 2 = {Z 7 I [x]} u 



a, b, c, d g Z 7 I 



be a strong neutrosophic bilinear algebra over the neutrosophic 
field Z 7 I. 

Take W = Wi u W 2 



a b 

ll c d 



j&x 21 


a t g Z 7 I; i = 0,1, 2,..., co l u< 


'a a^ 


a g Z 7 l] 




J i 


v a a y 


J 



c Vi u V 2 ; W is a strong neutrosophic bilinear subalgebra of V 
over the neutrosophic field Z 7 I. 

DEFINITION 2.2.5: Let V - Vj u V 2 be a strong neutrosophic 
bilinear algebra over the neutrosophic field K. Let W = W t U 
W 2 crVi uV 2 where Wj is just a neutrosophic vector space over 
the neutrosophic field K and W 2 is a neutrosophic linear 
subalgebra over the neutrosophic field K. W - W; u W 2 is 
defined to be a pseudo strong neutrosophic linear subalgebra of 
V over K. 

We will illustrate this situation by some examples. 
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Example 2.2.10: Let V = V! uV 2 = 



V a 7 a 8 



*9 J 



a; eZ 7 I;l<i<9 



u {Z 7 I [x]} be a neutrosophic bilinear algebra over the 
neutrosophic field Z 7 I. 

Take W = Wi u W 2 = 



fa 0 0" 




0 0b 


a,b,c e Z 7 I 


C 





n 

I 



ax 



0 < i < n;i = 0,1,2,..., 



00 



c V! u V 2 ; W is a pseudo strong neutrosophic bilinear 
subalgebra of V over the field Z 7 I. 

Example 2.2.11: Let V = Vi uV 2 = 



a b 
c d 






a.b.c.de Z 23 I 



/ 



u {Z23I x Z23I x Z23I x Z23I} be a strong neutrosophic bilinear 
algebra over the neutrosophic field Z23I. Take W = Wi u W 2 = 

a,d g Z 23 I 

u {(0 0 0 b) | a, b e Z23I} cViU V 2 , W is a pseudo strong 
neutrosophic bilinear subalgebra of V over Z23I. 



|l a 0 
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Example 2.2.12: Let V = V| u V 2 = {QI [x]} u 



f a 


b 


C 1 




d 


e 


f 


a, b, c, d, e, f , g, h, i e QI 


U 


h 


i. 





be a strong neutrosophic bilinear algebra over the neutrosophic 
field QI. Take W = W 2 u W 2 = 



r n 


t 


"a 0 0" 






a t g QI l u < 


0 b 0 


a,b,d e QI 


U=0 


J 


v° 0 d . 





c Vi u V 2 ; W is a pseudo strong neutrosophic bilinear 
subalgebra of V over the field QI. 

DEFINITION 2.2.6: Let V — V j u V 2 be a strong neutrosophic 
bilinear algebra over the neutrosophic field K. Let W ~ Wj u 
W: crVi UV 2 be a strong neutrosophic bivector space over the 
neutrosophic field K. W is defined as the strong pseudo 
neutrosophic bivector subspace ofV over the field K. 

We illustrate this by some examples. 

Example 2.2.13: Let V = V] u V 2 = 



fa b 


C 1 




d e 


f 


a,b,c,d,e, f,g,h,i e Z 13 I 


U h 


iy 






a, e Z 13 I; i = 1,2, 
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be a strong neutrosophic bilinear algebra over the neutrosophic 
field Z 23 I. Take W = W,uW 2 = 



(a b 




d e f 


a,b,c,d,e,f g Z 23 I 


1° 0 °y 


- 


f 9 


1 


Z a . x ‘ 


a t GZ 23 I;0<i<9> 




J 



c Vi u V 2 , W is a strong pseudo neutrosophic bivector 
subspace of V over the field Z23I. 

Example 2.2.14: Let V = Vi uV 2 = 



' 


f 






\ 


' 




a i 


a 2 


a 3 


a 4 






a. 


a* 


a 7 


a „ 






J 


0 




O 


a t GZ ?3 I;l<i<16 




a 9 


a io 


a il 


a i 2 




v a !3 


a i4 


a !5 


a !6y 





u 



flv 1 


a t g Z n I; i = 1,2,. ..,00] 


[1=0 


J 



be a strong neutrosophic bilinear algebra over the neutrosophic 
field Z„I. Take W = W 2 u W 2 = 



a, a. 



a. 



a. 



0 

0 



0 

0 



a 7 a 8 
0 0 
0 0 



a ; g Z U I;1 < i < 8 



u 
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f Zv 1 


a, gZ u I; i = l,2,...,6] 


[ 1=0 


J 



c Vi u V 2 , W is pseudo strong neutrosophic bivector subspace 
of V over Z n I. 



DEFINITION 2.2.7: Let V - V/ u V 2 be a strong neutrosophic 
bilinear algebra over the neutrosophic field K. Take W - Wi u 
W 2 c - V] u V 2 and F c K (F a field and is not a neutrosophic 
subfield of K). If W is a neutrosophic bilinear algebra over the 
field F then we define W to be a pseudo strong neutrosophic 
bilinear subalgebra ofV over the subfield F of the neutrosophic 
field K. 

We will illustrate this by some examples. 



Example 2.2.15: Let V = Vi u V 2 
^a b^ 



v c d y 





n 


M 






[1=0 



a ; e N(Q);0 < i < co 



be a strong neutrosophic bilinear subalgebra of V over the 
neutrosophic field QI. Take W = Wi u W 2 = 



f a a~\ 



V a a J 



a g Ql u | y^a t x‘ 



a t g QI; i = 0,1, 




c Vi u V 2 , W is a pseudo strong neutrosophic bilinear 
subalgebra of V over the subfield Q of N(Q). 

DEFINITION 2.2.8: Let V = Vi u V 2 be a strong neutrosophic 
bilinear algebra over the neutrosophic field K. Let W - Wj u 
W 2 cr V be a bivector space over the real field F c:K. We call W 
- W 1 uW 2 c:Vi uV 2 as a pseudo bivector subspace of V over 
the real subfield F of K. 
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We will illustrate this by some simple examples. 



Example 2.2.16: Let V = Vi uV 2 = 



a b 
c d 



1 


r co 


M 


I>X 


i 


Li=0 



a, e N(Q);i = 0, ...,oo 



be a neutrosophic bilinear algebra over the neutrosophic field 
N(Q). Take W = W,uW 2 = 



Jr a bj 

lU 0, 



a,b g Q 




a; eQ;i = 0,1,2, 



c Vj u V 2 , W is a pseudo bivector space over the field Q. 



Example 2.2.17: Let V = Vj 


uV 2 = 




V a 0 


0" 


'I 


< 


0 b 


0 


a, b, c g Z 19 I 




v° 0 


C 2 





u {(N(Z 29 ) x N(Z 29 ) x N(Z 29 ) x N(Z 29 ))} be a strong 
neutrosophic bilinear algebra over the neutrosophic field N(Z 29 ). 
Take W = W 2 u W 2 = 



f 



a 0 0 
0 b 0 
0 0 c, 



a, b, c g Z 



29 



u {(Z 29 X Z 29 X {0} X {0})} 



cViU V 2 ; W is a pseudo bivector subspace of V over the field 
Z 29 . 

DEFINITION 2.2.9: Let V = Vi u V 2 be a strong neutrosophic 
bilinear algebra over the neutrosophic field K. Let W = W ) u 
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W2 cVi UV2 be a bilinear algebra over a real subfield F of K. 
We define W to be a pseudo bilinear subalgebra of V over the 
field F. 

We will illustrate this by some simple examples. 

Example 2.2.18: Let V = Vi u V 2 = 



a b 
c d 



a,b,c,d e N(Q) > u 




a ; eN(Q);i = 0, 1, 




be a strong neutrosophic bilinear algebra over the neutrosophic 
field N(Q). Take W = W,uW 2 = 



a b 
c d 



a,b,c,d e Q > u jZ a . x ‘ 



a, g Q;i = 0, 1,..., 00 



cVi uV 2 ; Wisa pseudo bilinear subalgebra of V over Q. 



Example 2.2.19: Let V = Vi uV 2 = 



f a b 
0 d 
0 0 
^0 0 



c 

e 

g 

0 



d' 

f 

h 



a,b,c,d,e,f,g, h,i e N(Z 17 ) > 



u {(N(Z 17 ) x N(Z 17 ) x N(Z 17 ) x N(Z 17 ) x N(Z 17 ))} be a strong 
neutrosophic bilinear algebra over the neutrosophic field N(Z 27 ). 
Take W = W, u W 2 = 
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( a 


0 


0 


0" 




0 


b 


0 


0 




0 


0 


c 


0 




v0 


0 


0 





a,b,c,d e Z 17 > 



u {Z 17 x {0} x Zn x {0} x Zi 7 } cViU V 2 ; W is a pseudo 
bilinear subalgebra of V over the field Z 17 cr N(Z 17 ). 

DEFINITION 2.2.10: Let V - Vj u V 2 be a strong neutrosophic 
bivector space over the neutrosophic field K. Let W = Wj uW 2 
be a strong neutrosophic bivector space over the same 
neutrosophic field K. Let T : V —>W i.e., T = 7) uT 2 : Vi u V 2 
—> W i u W 2 be a bimap such that T, : V, —> W, is a strong 
neutrosophic linear transformation from Vj to Wp i = 1,2. We 
define T = T / u T 2 to be a strong neutrosophic linear 
bitransformation from V to W. If W - V then we call T to be a 
strong neutrosophic linear bioperator on V. 

SNHom K (V, W) denotes the set of all strong neutrosophic 
linear bitransformations from V to W. 

SNHom K (V, V) denotes the set of all strong neutrosophic 
linear bioperator from V to V. 

Interested reader is requested to give examples. 

Also the study of substructure preserving strong 
neutrosophic linear bitransformations (bioperators) is an 
interesting field of research. 

Now we proceed onto define bilinearly independent bivectors 
and other related properties. 

DEFINITION 2.2.11: Let V — V) uV 2 be a strong neutrosophic 
bivector space over the neutrosophic field K. A proper bisubset 
S - S 1 u S 2 cr V] u V 2 is said to be a bibasis of V if S is a 
bilinearly independent biset and each Si cr V, generates V,; that 
is S, is a basis of Vj true for i = 1, 2. 



43 




DEFINITION 2.2.12: Let V - Vi u V 2 be a strong neutrosophic 
bivector space over the neutrosophic field K. Let X - X/ uX 2 cr 
V / u V 2 be a biset of V, we say X is a linearly biindependent 
bisubset ofV over K if each of the subsets X t contained in V, is a 
linearly independent subset of Vi over the K; i = 1, 2. 

The reader is expected to prove the following: 

THEOREM 2.2.1: Let V — Vi u V 2 be a strong neutrosophic 
bivector space over the neutrosophic field K. Let B = If uB 2 be 
a bibasis of V over K then B is a linearly biindependent subset 
of V over K. IfX - X 2 uX 2 be a bisubset of V which is bilinearly 
independent bisubset of V then X in general need not be a 
bibasis of V over K. 

We will explain this by some examples. 

Example 2.2.20: Let V = Vi u V 2 = {(QI x QI x QI)} u 




0 < i < n < oo;aj e QI 



be a strong neutrosophic bivector space over the neutrosophic 
field QI. Let B =B 2 u B 2 = {(I, 0, 0), (0, 1, 0), (0, 0, 1)} u {I, lx, 
lx 2 , ..., Ix n , ..., Ix 00 } c V] u V 2 be a bibasis of V over the 
neutrosophic field QI. Take X = X[ u X 2 = {I, 0, 21), (0, 31, 1)} 
u {I, Ix, Ix 2 , Ix 3 , Ix 7 } c V| u V 2 ; X is a linearly independent 
bisubset of V but is not a bibasis of V over QI. 



Example 2.2.21: Let V = Vi u V 2 = 
a,b,c,d g Z 13 l| u 



a b 
c d 



1 r 


/ 








a . 


a 2 


a 3 


ri 


v a 4 


a 5 


a J 



a ; eZ 13 I;l<i<6 



be a strong neutrosophic bivector space over the neutrosophic 
field Z13I. LetB = BiuB 2 = 
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ffl 


0" 


"0 


n 


"0 


o' 


' f° 


0^ 


1 


u 




0/ 


> 


0, 


V 


0^ 


,\0 


b 


J 




If 1 


0 


0" 


"0 


I 


0" 


"0 


0 


b 






0 


0, 


\0 


0 


0, 


\0 


0 


0 ) 


9 


"0 


0 


0" 


"0 


0 


0" 


"0 


0 0^1 


1 


v 1 


0 


0/ 




I 


0/ 


v0 


0 


■J 


[ 



c V| u V 2 , B is a bibasis of V over Z 13 I. Take X = 



Ui r 

llo 



0 0 

vl b 



u 



"31 

1° 



o r 
o o. 



"0 I 4f 

J I 0, 



"0 

,21 



I 0^ 
0 41 



= Xi uX 2 c Vi u V 2 , X is only a linearly independent biset of 
V but is not a bibasis of V over Z 13 I. 



DEFINITION 2.2.13: Let V - Vi uV 2 be a strong neutrosophic 
bivector space over the neutrosophic field K. Let X = Xj uX 2 cr 
Vi uV 2 , ifX is not a bilinearly independent bisubset of V then 
we say X is a bilinearly dependent bisubset of V. 

Example 2.2.22: Let V = Vi u V 2 = {QI x QI x QI x QI} u 




a, eQl;0<i<5 



be a strong neutrosophic bivector space over the neutrosophic 
field QI. Let X = Xi u X 2 = {(I, L 0, 0), (0, 1, L 0), (0, 0, 1, 1), (I, 
I, L I), (31, 21, I, 0)} u{I, lx 2 , 1 + 3Ix 3 , 5 lx 3 + 3Ix 2 , lx 5 + 3Ix + 
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5Ix 2 + 3Ix 4 } c V, u V 2 . It is easily verified X is a linearly 
dependent bisubset of V over QI. 

Example 2.2.23: Let V = Vi u V 2 = 



a b 
c d 






J 



1 


r co 


M 


Za.x- 


i 


L i=0 



0 < i < oo;a ; gZ,I 



be a strong neutrosophic bilinear algebra over the neutrosophic 
field Z 2 I. B = Bi u B 2 = 



HH 


"0 




fo OX | 


o 

o 


AO 


0/ 


1— 1 

o 




u {I, lx, lx 2 , Ix n , ...} 



is a bibasis of B. 





f l l\ 


A 0" 




(i n 


fi l) 




HH 

o 


1 






;o o y 


9 


J h 


J l 


9 


lo oj 


J 



u {I + lx 2 + lx 3 + lx 2 , lx 2 , I, lx, I + lx 2 } is a linearly dependent 
bisubset of V over Z 2 I. The number of bielements in the bibasis 
B = B! u Bt is the bidimension of V = Vi u V 2 , denoted by | B 

= (|Bi|,|B 2 |). 

If I B j = (|Bi|, |B 2 |) = (n, m) and if n < oo and m < oo then we 
say V is a finite bidimensional strong neutrosophic bilinear 
algebra (bivector space) over the neutrosophic field K. Even if 
one of m or n is oo or both m and n is infinite then we say the 
bidimension of V is infinite. 



Example 2.2.24: Let V ~ V| u V 2 



A b ^ 1 

v c d y 



a,b,c,d g Q! > u {QI x QI x QI} 



be a strong neutrosophic bivector space over the neutrosophic 
field QI. B = BiuB 2 = 



46 




'I 



0 I 



'0 0 ^ 



0 0" 



0 0, 



0 0, 



I o. 



0 I 



u {(I 0 0), (0, 1, 0) (0, 0, 1)} c Vi u V 2 ; B is a bibasis of V over 
QI and the bidimension of V is finite (4, 3). 

Example 2.2.25: Let Y = ViUV 2 = 





a, gZ 2 i] 


U=o 


J 



be a strong neutrosophic bivector space over Z 2 I. B = Bi u B 2 = 
{I, lx, lx 2 , Ix n , ... go} u {(I, 0), (0, 1)} cViuV 2 isa bibasis 
of V over Z 2 I. The bidimension of V is (go, 2). 

Example 2.2.26: Let V = Vi u V 2 = 





a t g QI;i = l,2,...,oo| 


[i=0 


J 



u 



a b 
c d 



a,b,c,d g RI 



be a strong neutrosophic bilinear algebra over the neutrosophic 
field QI. B = Bi u B 2 = {I, lx, lx 2 , ..., Ix n , ...} u {an infinite 
basis for V 2 } is a bibasis of V over QI. Thus the bidimension of 
V is infinite and |B| = (oo, oo). 

Example 2.2.27: Let V = Vi u V 2 = 



a b 
c d 



a,b,c,d e QI > u {RI x RI} 
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be a strong neutrosophic bivector space over the neutrosophic 
field QI. Take B = Bj u B 2 = 





I 0" 


HH 

o 


"0 0" 


o 


1 




v0 0 y 


lo oj 


J o. 


lo ij 


i 



u {An infinite set}, B is a bibasis of V over QI. The 
bidimension of V is (4, go); thus the bidimension of V is infinite. 
It is interesting to note that if V and W are strong neutrosophic 
bivector spaces over the neutrosophic field K. Suppose 
bidimension of V is (n l5 n 2 ) then we say the bidimension of V 
and W are the same if and only if W is just of bidimension (n b 
n 2 ) or (n 2 , n , ). 



Definition 2.2.14: Let V - V, uV 2 and W = W, u W 2 be two 
strong neutrosophic bivector spaces over the neutrosophic field 
K. Let T - T i u T 2 be a bilinear transformation (linear 
bitransformation) from V to W defined by T j : V-, —> Wj, i = 1, 2, 
j = L 2, such that Tj : V 2 —>Wj and T 2 : V 2 —> W 2 or T 2 : Vi —> 
W 2 and T 2 : V 2 —> W/. The bikernel of T denoted by kerT — kerTj 
ukerT 2 where ker T, =j d € V, I T( d) - 0; i -1, 2). Thus biker 
T={(v / , d) e V, uV 2 /T( d, d) = Tfd) uT(d) = 0 uO}. 

It is easily verified ker T is a proper neutrosophic bisubgroup of 
V. Further ker T is a strong neutrosophic bisubspace of V. 



Example 2.2.28: Let V = V) u V 2 = 

a ; e QI, 1 < i < 6^ u 



a 2 a 3 ^ 



V a 4 a 5 a 6V 



a > 
a i a 2 



V a 7 a 8 J 



a, e QI, 1 < i < ! 
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be a strong neutrosophic bivector space over QI. W = Wi u W 2 



f 7 


1 


3-j 3-2 3^ 








a ; eQI;0<i<7f u < 


0 a 4 a 5 




a; eQI,0<i<6 


[i=0 


J 


0 

0 

p 

os 







be a strong neutrosophic bivector space over QI. Define a bimap 
T = T 1 T 2 ! V 1 vj V 2 — ^ Wi W 2 by Ti ; Vi — ^ W 2 and T 2 ! 
V 2 — > Wi such that 



and 



T, 



V a 4 



T, 



HJ 



a i a 2 



V a 7 a 8 J 



0 a 



= Z a . x ‘ 



6/ 



where a — > ao, a2 — s a 1 . a3 — > a2, 1 14 — s a3, a5 — > a4, a.. — > a 8 , a7 — s 
a 6 and a 8 — > ay. 

T = Ti u T 2 is a linear bimap. 



v o oY 
0 0 
00' 

oJ. 

Interested reader can construct more examples in which 
biker T is a proper non zero neutrosophic bisubspace of V. We 
will prove results when we define strong neutrosophic n-vector 
spaces n > 2, for n = 2 gives the strong neutrosophic bivector 
space. Further neutrosophic bivector spaces (bilinear algebras) 





"0 


0 


0" 




biker T = < 


0 


0 


0 








0 


0, 
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and the strong neutrosophic bivector spaces (bilinear algebras) 
which we have defined in sections 2.1 and 2.2 are type I 
neutrosophic bivector spaces and strong neutrosophic bivector 
spaces respectively. In the following section we define type II 
neutrosophic bivector spaces (bilinear algebras). 



2. 3 Neutrosophic Kvector Spaces of Type H 

In this section we proceed onto define neutrosophic bivector 
spaces of type II and neutrosophic linear bialgebras (or bilinear 
algebras) of type II. We discuss several interesting properties 
about them. We also give the difference between type I and type 
II neutrosophic bivector spaces. 

DEFINITION 2.3.1: Let V - V) uV 2 where Vj is a neutrosophic 
vector space over the real field Fj and V 2 is a neutrosophic 
vector space over the real field F 2 such that Fj ^ F 2 , F t <ZF 2 , F 2 
etF] and Vi ^ V 2 , V; £ V 2 and V 2 czt Vj. 

We call V to be a neutrosophic bivector space over the 
bifield F - Fj uF 2 of type II. 

We will illustrate this by some simple examples. 

Example 2.3.1: Let V = V) u V 2 where 



r 



Vi = 



v 



a b 
c d 






a,b,c,de Z 7 I 



7 



be a neutrosophic vector space over the field Z 7 and 







a 2 " 




II 

<N 

> 


a 3 


a 4 


a t eN(Q),l<i<6 




v a 5 


a 6. 





is a neutrosophic vector space over the field Q. V = V) u V 2 is a 
neutrosophic bivector space over the bifield F = Z 7 u Q of type 

II. 
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Example 2.3.2: Let V = Vi u V 2 where Vi = {QI [x]} a 
neutrosophic vector space over the field Q and V 2 = 



< 0 



b 0" 




d e 


a,b,c,d,e,f e Z u 


o fj 





be a neutrosophic vector space over the field Zu. V = V| u V 2 
is a neutrosophic bivector space over the bifield F = Q u Z u of 
type II. 

Example 2.3.3: Let V = Vi u V 2 where Vi = {Zi 3 I x Z J3 I x Z 13 I 
x Z 13 I} is a neutrosophic vector space over the field Z 13 and 



f 


/ 






\ 


< 

to 

ii 


a i 


a 2 


a 3 


a 4 | 


l 


v a 5 


a 6 


a 7 


a 8 J 



Z 23 ,l < i < 8 



be a neutrosophic vector space over the field Z 23 . V = Vi u V 2 
is a neutrosophic bivector space over the bifield F = Z 33 u Z 23 of 
type II. 



DEFINITION 2.3.2: Let V = Vi u V 2 be a neutrosophic bivector 
space over the bifield F = Fj uF 2 of type II. Let W = VF, u W 2 
cy Vi uV 2 , ifW is a neutrosophic bivector space over the bifield 
F = Fj u F 2 of type II, then we call W to be a neutrosophic 
bivector subspace ofV over the bifield F - Fj uF 2 of type II. 

We will illustrate this by examples. 



Example 2.3.4: Let V = V] u V 2 



^a b ^ 1 

v c d y 



a,b,c,d e Z 7 I > u 
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/a i a, a 3 a 4 ^ 

V a 5 a 6 a 7 a 8 7 



a t eZ n I,l<i<! 



be a neutrosophic bivector space of V over the bifield F = Z 7 u 
Z„ of type II. Take W = W,uW 2 = 



^a b^ 
0 0 



a,b g Z 7 I > u 



a, eZ n I,i = l, 2,4, 5,6,3 



cV,u V 2 ; W is a neutrosophic bivector subspace of V over the 
bifield Z 7 u Zn of type II. 

Example 2.3.5: Let V = Vi u V 2 = 

a, b,c, d g QI 



JY a b 

jl c d 



if a i a z a 3 a 4 " 

[Us a 6 0 0 y 



u {Z 13 I x Z 13 I x Z 13 I x Z J3 I x Z 13 I} be a neutrosophic bivector 
space over the bifield F = Q u Z 13 of type II. Take W = Wi u 

W 2 = 



a g QI > u {(a a a a a) | a g Z 13 I} 



cV|U V 2 ; W is a neutrosophic bivector subspace of V over the 
bifield F = Qu Z 13 . 

Now we define a substructures on these neutrosophic 
bivector spaces over the bifield. It is pertinent to mention here 
that the term type II will be suppressed as one can easily 
understand by the very definition it is distinct from type I. 
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DEFINITION 2.3.3: Let V - Vi u V 2 be a neutrosophic bivector 
space over the real bifielcl F - Fj uF 2 . Let W - Wi u W 2 cr Vj 
u V 2 and K = Kj u K 2 cF\ u F 2 - F. If W is a neutrosophic 
bivector space over the bifield K - K] uK 2 then we call W to be 
a special subneutrosophic bivector subspace of V over the 
bi subfield K of F. 

We will give an example of this definition. 

Example 2.3.6: Let V = V|UV 2 = {Q(V2,V3)IxQ(V2,V3)I}u 

a,b,c,d e Q(-j5, \[l) 

be a neutrosophic bivector space over the bifield F = Q(V2, a/ 3) 
uQ(^,V7) =F. Take W = {Q(V2)Ix Q(V2)I} u 

a g Q(V5) 



a b 
c d 



\ 



y 



= Wi u W 2 cV|U V 2 , W is a special subneutrosophic bivector 
subspace of V over the subfield Q(V2)uQ(V5)= Kj uK 2 c 
Q(V2,V3)uQ(^,^) = F. 

Now we define the neutrosophic bivector space V to be 
bisimple if V has no proper special subneutrosophic bivector 
subspace over a bisubfield. 

We will illustrate this by some examples. 

Example 2.3.7: Let V = Vi u V 2 = 



r 



{RI}u< 



a b 
c d 



a,b,c,d e Z 7 1 



53 




be a neutrosophic bivector space over the real bifield F = 
Q u Z 7 . We see the real bifield is bisimple; i.e., it has no 
subbifields or bisubfields. So V is a bisimple neutrosophic 
bivector space over F. 

Example 2.3.8: Let V = V| u V 2 = {Z 2 I x Z 2 I x Z 2 I x Z 2 I} u 

a,b,c,d g Z 3 I 

be a neutrosophic bivector space over the real bifield F = 
Z 2 u Z 3 . V is a bisimple neutrosophic bivector space over F. We 
see both Z 2 and Z 3 are prime fields of characteristic two and 
three respectively. 

In view of this we have the following theorem. 

THEOREM 2.3.1: Let V - V 1 uV 2 be a neutrosophic bivector 
space over a bifield F = Fj uF 2 . If both F , and F 2 are prime 
fields then V is a bisimple neutrosophic bivector space over the 
real bifield F = Fj U F 2 . 

The proof of the above theorem is left as an exercise to the 
reader. A natural question arise; if one of the fields Fi and F 2 
alone is a prime field can we have some special type of 
substructures. In view of this we have the following definition. 

DEFINITION 2.3.4: Let V — V 2 uV 2 be a neutrosophic bivector 
space over the real bifield F = Fj uF 2 where one of Fj or F 2 is 
a prime field. Let W - W, uW 2 be such that Wj is a neutrosophic vector 
subspace of vi over Kj cr Fj {F2 is a prime field ) and W 2 is a 
neutrosophic vector subspace of V 2 over F 2 ; then we call W = 
Wj uW 2 to be a quasi special neutrosophic bivector subspace 
of V over the quasi bisubfield Kj uF 2 . 

(If F = Fi u F 2 is a bifield, Kj c F 3 is a proper subfield of F 3 
then Kj u F 2 is called the quasi bisub field of the bifield F = F 3 
u F 2 ). We will illustrate this by some examples. 



if a b 

|l c d 
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Example 2.3.9: Let V = V| u V 2 = 



a b 



l c d J 



a,b,c,d e Z I7 I 



u {RI x RI x RI} be a neutrosophic bivector space over the 
bifield F = Z 17 u Q( y/l, v/3 , V5 , yfl , VTT ). Take W = WjuW 2 



a b 
c d 



a,b,c,d e Z I7 I > u 



{RI x {0} x RI} c Vi u V 2 , W is a quasi special neutrosophic 
bivector subspace of V over the quasi bisubfield Z 17 U Q (y/2) 
of the bifield F. 



Example 2.3.10: Let V = V, u V 2 = {Z 7 I [x] } u {RI x RI x RI} 
be a neutrosophic bivector space over the real bifield Z 7 u R. 
Let W = Wj u W 2 = 




0 < i < 9; a ; e Z 7 I} u {QI x QI x QI} 



cV]U V 2 ; W is a quasi special neutrosophic bivector subspace 
of V over the real quasi bifield Z 7 uQcZ 7 uR. 

Now we proceed on to define the notion of bibasis of the 
neutrosophic bivector space of type II. 

DEFINITION 2.3.5: Let V - V t uV 2 be a neutrosophic bivector 
space of type II over the bifield F = Fj uF 2 . Let B - If uB 2 rr 
Vi uV 2 be a bisubset of V such that If is a linearly independent 
bisubset of V,-; and generates Vi for i = 1, 2, then we call B to be 
bibasis ofV over the bifield F 7 uF 2 - F. 

We will illustrate this by some simple examples. 
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Example 2.3.11: Let V = Vi u V 2 = 



a; eZ 7 I; 0<i<6> u 



aj e Z 5 I; 1 < i < 8 



be a neutrosophic bivector space of type II over the bifield F = 

Z 7 VJ Zg. 

Take B = Bj uB 2 

i 0 0U0 i 0V0 0 r 

0 0 oJ\o 0 oJ\o 0 oj’ 



"0 0 0V0 0 0V0 0 o^l 

V I 0 oJ\o I oJ\o 0 ijj 




c Vi u V 2 , B is a bibasis of V over the bifield. 
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Example 2.3.12: Let V = Vi u V 2 = 



\f a a^ 


aeQl] 


[v a aj 


J 



f a 



a a 
a a 



v a a y 



| a g Z 37 I ' 



be a neutrosophic bivector space over the bifield F = F, u F 2 = 
Q u Z 37 . Take B = B 1 u FL = 



a 1^ 
vl b 



u < 



(I x> 

I I 
I I 

ivl by 



c Vi u V 2 , B is a bibasis of V over the bifield F = Q U Z37. 

DEFINITION 2.3.6: Let V — V/ u V 2 be a neutrosophic bivector 
space over the bifield F - F] uF 2 ■ Let P = Pj u P 2 c: V/ uV 2 
be a proper bisubset of V such that each P, is a linearly 
independent subset of Vi over Fi; i = 1, 2; then we define P = P / 
u P 2 to be a bilinearly independent bisubset of V over the 
bifield F — F / u F 2 or P is defined to be the linearly 
biindependent bisubset ofV over the bifield F - F t uF 2 . 

It is interesting and important to note that every bibasis is a 
linearly biindependent bisubset, but a linearly biindependent 
bisubset need not in general to be a bibasis of V over the bifield 
F. 

We will illustrate this situation by an example. 

Example 2.3.13: Let V = ViuV 2 = 
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be a neutrosophic bivector space of type II over the bifield F = 
Q u Z 7 . Take B = B 1 u B 2 = 




I I OHO 0 n (l I I 



0 0 01 0 0 0 I I 



cV,u V 2 . 



Clearly B is a linearly biindependent bisubset of V but is not a 
bibasis of V. Thus in general every linearly biindependent 
bisubset of V need not be a bibasis of V. 

DEFINITION 2.3.7: Let V - Vi uV 2 be a neutrosophic bivector 
space over the bifield F = F : u F 2 , and W = W ) u W 2 be 
another neutrosophic bivector space over the same bifield F - 
F ] uF 2 that is V, and W, are vector spaces over the field F b i = 
1, 2. Let T = T 1 uT 2 be a bimap from V to W; where T,: V, —> 
Wj is a linear transformation from F, to W i = 1, 2. We define T 
= T t uT 2 : V - Vj u V? —>W= Wi uW 2 to be a neutrosophic 
linear bitransformation ofVtoW of type II. 

We will illustrate this by a simple example. 

Example 2.3.14: Let V = V| u V 2 = 

a,b,c,d g Z 7 lj u 
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I a, a, a 3 a 

[v a 5 a 6 a 7 a 

be a neutrosophic bivector space of type II over the bifield F = 
Fi u F 2 = Z 7 u Zi 3 . Let W = WiuW 2 = {Z 7 I x Z 7 I x Z 7 I x Z 7 I} 



4 a, e Z 13 I;1 < i < 8 



u 



v a 9 a ioy 



a; eZ 13 I;l<i<10 



be a neutrosophic bivector space of type II over the bifield F = 

Fi vt F 2 = Z 7 u Z13. 

Define T = T t u T 2 : V = V, u V 2 -> W = Wi u W 2 where 



Tp Vi — > Wi and T 2 : V 2 — > W 2 is defined by 



and 



Ti 



= (a, b, c, d) 



T 7 



V a 5 



a fi a 7 



a 7 a 



a 7 



V 



a. 



0 0 



It is easily verified T is a linear bitransformation of V to W. 



Note: If we take in the definition 2.3.7; W = V then we call T to 
be a linear bioperator on V of type II. We will denote by 
NHom(V.W), the collection of all neutrosophic linear 

F 1 UF 2 

bitransformations of V to W. NHom(V,V) denotes the 

I^uF 2 

collection of all neutrosophic linear bioperators of V to V. 
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Example 2.3.15: Let V = Vi u V 2 = 



( 



V 



a 

c 



b l 

d y 



a,b,c,d e QI 



u 



jf a i a 2 a 3 

|v a 6 a 7 a 8 



a 4 

a 9 



•no/ 



a t eZ l 9 I;l<i<10 



be a neutrosophic bivector space over the bifield F-Qu Z 19 . 

Define T = Ti u T 2 : V = Vi u V 2 — > V = Vi u V 2 where Tp 
Vi — > Vi and T 2 : V 2 — > V 2 such that, 



\ b^ 




r a a^ 


v c dj 




v a a v 



and 



" a i 


a 2 


a 3 


a 4 


a 5 ' 






a 


a 


a 


a^ 


V a 6 


cl? 


a 8 


a 9 


a io y 




v b 


b 


b 


b 


by 



where a,b e Z 19 I. 

It is easily verified T is a neutrosophic bilinear operator on 
V of type II. 

DEFINITION 2.3.8: Let V - V 2 uV 2 and W - Wj uW 2 be two 
neutrosopic bivector spaces over the bifield F - Fj uF 2 . 

Let T - T] u T 2 : Vj u V 2 - V —> Wj u W 2 = W be a linear 
bitransformation of V to W. The bikernel of T denoted by ker T 
- ker T ) uker T 2 where ker T, = { v' g V t I Tf v' ) = 0 } ; i = 1, 2. 
Thus ker T = {(v 1 , v 2 ) e V] u V 2 /T(v\ v 2 )} = (Tfv 1 ) uT 2 (v 2 ) = 
0 uO}. 

It is easily verified that ker T is a proper neutrosophic 
bisubgroup of V. Futher ker T is a neutrosophic bisubspace of 
V. 

The reader is expected to give some examples. 
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THEOREM 2.3.2: Let V = Vi u V 2 and W - Wj u W 2 be two 
neutrosophic bivector spaces over the bifield F - Fj u F 2 of 
type II and suppose V is finite bidimensional. Let T = Ti uT 2 be 
a neutrosophic bilinear transformation (linear 
bitransformation) ofV into W. (T t : Vj i = 1,2). 

Then 

birank T + binullity T = (ni,n 2 )dimV 

= bidimension V; 

that is (birank T =) rank T / U rank T 2 + (binullity T =) nullity 
Ti Unullity T 2 = (bidimension V = ) dimVj udim V 2 = (nj, n 2 ). 

( Here dim V, = / = 1,2). 

The proof is left as an exercise to the reader. Further the 
following theorem is also left as an exercise to the reader. 

THEOREM 2.3.3: Let V = Vi u V 2 and W = Wj u W 2 be two 
neutrosophic bivector spaces over the bifield F = F/ uF 2 . Let T 
= T] u T 2 and S = 5; u S 2 be neutrosophic bilinear 
transformations from V into W. The bifunction 



(T+S) 

is defined by 
(T + S)(a) = 



(Ti uT 2 + S 2 uS 2 ) 

( T i + Si) u(T 2 + S 2 ) 

(Ti + Si) u(T 2 + S 2 ) (ai u a 2 ) 
(T i + Si) oti u(T 2 + S 2 )a 2 
(T i ai + S]CCi ) LV(T 2 a 2 + S 2 a 2 ) 



is a neutrosophic linear bitransformation from V = Vi uV 2 to 
W i uW 2 . (a = cti u a 2 e Vi uV 2 ). If C = Ci u C 2 is a biscalar 
from the bifield then the bifunction 

(CT)a = (Ci uC 2 ) (T i lvT 2 ) (oti lv oc 2 ) 

= CfT i ci I iy C 2 T 2 a 2 



is a bilinear transformation ( linear bitransformation ) from V 
into W. Thus the set of all linear bitransfomations defined by 
biaddition and scalar bimultiplication is a neutrosophic 
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bivector space (vector bispace) over the same bifield F = Fj u 

f 2 . 

Let NL(V, W) = NL'(V h W,) u NL 2 (V 2 , W 2 ) be a 
neutrosophic bivector space over the bifield F - Fj uF 2 . 

Further if V - Vi u V 2 is a neutrosophic bivector space 
over the bifield F - Fj uF 2 of finite bidimension (m, n 2 ) and W 
- W i uW 2 is a neutrosophic bivector space of finite dimension 
( m /, m 2 ) over the same bifield F - Fj uF 2 . Then NL(V, W) is of 
finite bidimension and has (mini, m 2 n 2 ) bidimension over the 
same bifield F - Fi uF 2 . 

Further we have another interesting property about these 
neutrosophic bivector spaces. 

Let V = Vi u V 2 , W = Wi u W 2 and Z = Zi u Z 2 be three 
neutrosophic bivector spaces over the same bifield F = Fi u F 2 . 
Let T be a neutrosophic bilinear transformation from V into W 
and S be a neutrosophic linear bitransformation from W into Z. 
Then the bicomposed bifunction S o T = ST defined by ST(a) = 
S(T(a)) is a neutrosophic bilinear transformation from V into Z. 
The reader is expected to prove the above claim. 

Now we proceed on to define the notion of neutrosophic 
bilinear algebra or neutrosophic linear bialgebra of type II over 
the bifield F = Fi u F 2 . 

DEFINITION 2.3.9: Let V = Vi uV 2 be a neutrosophic bivector 
space of type II over the bifield F = Fi u F 2 . If each V, is a 
neutrosophic linear algebra over F i: i = i, 2, then we call V to 
be a neutrosophic bilinear algebra over the bifield F — Fi uF 2 
of type II. 

We will illustrate this by some simple examples. 

Example 2.3.16: Let 



V = 




b" 



a,b,c,d g QI 
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u {(a, b, c, d, e) I a, b, c, d, e e Z 7 I } be a neutrosophic bivector 
space over the bifield F = Q u Z 7 . V is clearly a neutrosophic 
bilinear algebra over F. 

Example 2.3.17: Let V = Vi u V 2 



a, a-, 



a, a. 



V a 7 a 8 a 9V 



a; eZ n I;l<i<9 



{ Zi 3 I[x] ; all polynomials in the variable x with coefficients from 
Z 13 I } ; V is a neutrosophic bilinear algebra over the bifield F = 
Zn u Z13. 



Example 2.3.18: Let V = Vi u V 2 = 



V is only a neutrosophic bi vector space over the bifield Zj 7 u 
Q. Clearly V is not a neutrosophic bilinear algebra over the 
bifield of type II as Vi is not a neutrosophic linear algebra over 
the field Zn. 

Thus we have the following interesting result, the proof of 
which is left as an exercise for the reader. 

THEOREM 2.3.4: Let V = Vj u V 2 be a neutrosophic bilinear 
algebra over a bifield F - Fj u F 2 of type II. Clearly V is a 
neutrosophic bivector space over the bifield F. However a 
neutrosophic bivector space of type II need not in general be a 
neu trosophic bilinear algebra of type II. 



f Q O A 
a i a 2 

a . a. 



[V a 5 a ey 



a. i eZ 17 I;l<i<6 



1 u 



a b 
c d 






a.b.c.d g QI 
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Now we proceed on to define the new notion of neutrosophic 
linear bisubalgebra or neutrosophic bilinear sub algebra of type 

II 

DEFINITION 2.3.10: Let V - V/ u V? be a neutrosophic bilinear 
algebra over a bifield F - F t u F 2 of type II. Take W = Wj u 
W: cr Vi u V 2 ; W is a neutrosophic sub bilinear algebra or 
neutrosophic bilinear subalgebra of V if W is itself a 
neutrosophic linear bialgebra of type II over the bifield F - Fj 
uF 2 . 



We will illustrate this situation by some examples. 
Example 2.3.19: Let V = V 1 uV 2 = 



a b' 
c d y 



a,b,c,d g Q1 



u { (ai a 2 a 2 a 4 as as) I a ; g Z 2 I; 1 < i < 6} be a neutrosophic 
bilinear algebra of type 11 over the bifield F = Q u Z 2 . 

Take W = W]U W 2 = 

a g Qll u{(aaaaaa)laG Z 2 I } 



c Vi u V 2 , W is a neutrosophic bilinear subalgebra of V over 
the bifield F = Q u Z 2 of type II. 

Example 2.3.20: Let V = V 1 uV 2 = 



a - a. 



a 1 a. 



V a 7 



a„ a 






a ; g Z 3 I; 1 < i < 9 
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u {QI[x]; all polynomials in the variable x with coefficients 
from QI } be a neutrosophic bilinear algebra of type 11 over the 
bifield F = Z 3 uQ. 

Take W = W,uW 2 = 



f a i a 2 


a 3 " 




0 a 4 


a 5 


a ; g Z 3 I;1 < i < 6 


[o 0 


a 6. 





u {All polynomials of even degree with coefficients from the 
field QI} c V! u V 2 ; W is a neutrosophic bilinear subalgebra of 
V of type 11 over the bifield Z 3 uQ. 

DEFINITION 2.3.11: Let V — V 2 U V 2 be a neutrosophic bilinear 
algebra over a bifield F - F t uF 2 of type II. Let IT = VT, u W 2 
cr V / u V 2 , suppose W is only a neutrosophic bivector space of 
type II over the bifield F - Fi u F 2 and is not a neutrosophic 
bilinear subalgebra of V of type II over the bifield F then we say 
W is a pseudo neutrosophic bivector subspace of V over the 
bifield F = F s uF 2 of type II. 

We will illustrate this by some examples. 

Example 2.3.21: Let 



V = 




b" 



a,b,c,d g QI 



u {Z 7 I[x]; all polynomials in the variable x with coefficients 
from Z 7 I } be a neutrosophic bilinear algebra over the bifield F = 
Fi u F 2 = Q u Z 7 . Take W = W,uW 2 = 



f° a ) 

b 0 



a,b g QI i u ]X a > xl 



V 






a s GZ 7 I;l<i<20 
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c V| u V 2 . Clearly W is only a bivector space over the bifield F 
= Q u Z 7 . For product of two elements is not defined in both W i 
and W 2 . Thus W is a pseudo neutrosophic bivector subspace of 
V over the bifield F = Q u Z 7 . 

Example 2.3.22: Let V = Vi u V 2 = 



f a 


b 


C 1 




d 


e 


f 


a,b,c,d,e,f ,g,h,i e Z n I 


U 


h 


K 





u {(a, b, c) I a, b, c e Z 29 I} be a neutrosophic bilinear algebra 
over the bifield F = ZnU Z 29 . Take W = Wi u W 2 = 



f a 0 
■ 0 c 
^d 0 



b l 

0 

0 , 



a,b,c,d e Z U I 



> u { (a a a) I a e Z 29 I } 



cViU V 2 ; W is a pseudo neutrosophic bivector subspace of V 
as W] is only a neutrosophic vector space over Z n which is not 
a neutrosophic linear algebra over Z n , but W 2 is neutrosophic 
linear algebra over Z 29 . Thus W is only a pseudo neutrosophic 
bivector subspace of V. 



Let Y = Yi u V 2 be a bivector space over the bifield F = Fi u 
F 2 . A linear bitransformation f = f , u f 2 from V = V, u V 2 into 
the bifield F = Fj u F 2 of biscalars is called as a linear 
bifunctional or bilinear functional. 

However when the bivector space which are neutrosophic 
bi vector spaces are defined over a real bifield F = Fi u F 2 we 
see the notion of linear bifunctional is not possible. Hence to 
have the concept of linear bifunctional we need the bivector 
spaces to be defined over neutrosophic bifields. 

However we can define neutrosophic hyper bispace of a 
neutrosophic bivector space. 
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DEFINITION 2.3.12: Let V — V } u V 2 be a finite dimensional 
neutrosophic bivector space of type II over the bifield F = F } u 
F 2 of dimension { n / , n 2 ). Let W = W/ u W 2 cr V] u V 2 be a 
neutrosophic bivector subspace of V of dimension ((m - 1), (n 2 
-I)) over the bifield F = Fj u F 2 . Then we call W to be a 
neutrosophic hyper bispace of V. 

We will illustrate this situation by some examples. 

Example 2.3.23: Let V = V 1 uV 2 = 

a,b,c,d g QI 



u {(a b c) I a, b, c 6 Zi 7 I} be a neutrosophic bivector space of 
finite bidimension over the bifield F = Qu Z 17 . Take W = Wi u 
W 2 = 



j^a b 

|l c d 



a,b,d g Qlj 

u {(a, b, 0) I a, b g Z [ 7 I} cV[U V 2 ; W is a neutrosophic hyper 
bisubspace of V over the bifield F = Qu Z [7 . 

Example 2.3.24: Let V = Vi u V 2 = 



f 12, 


1 




" a i 


a 2^ 






Z a i x ‘ 


a; g Z J > u • 




a 3 


a 4 




a; G Z 3 I 


[i=0 


~ J 




v a 5 


a 6. 







be a neutrosophic bivector space over the bifield F = Z 2 u Z 3 . 
Take W = 



Jfa b^ 

ll° d . 




gZ 2 I 



u 
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[V a 5 






a; g Z 3 I;i = 1,2, 3, 5, 6 



c Vi u V 2 ; W is neutrosophic hyper bispace of V over the 
bifield Z 2 u Z 3 . Clearly the bidimension of V is (13, 6) where 
the bidimension of W is (12, 5). 

The notion of biannihilator of a biset S of a neutrosophic 
bivector space over a real bifield cannot be defined as the notion 
of linear functional is undefined for these bispaces. 

We can define neutrosophic bipolynomial ring over the 
bifield F. Let F[x] = Fi[x] u F 2 [x] be such that F ; [x] is a 
polynomial ring over F ; then we cannot call F[x] = Fi[x] u F 2 [x] 
to be a neutrosophic bipolynomial hiring over Fi u F 2 as Fi and 
F 2 are not neutrosophic fields they are only real fields. 

Now we can define yet another new substructure. 

DEFINITION 2.3.13: Let V = Vi uV 2 be a neutrosophic bivector 
space over the bifield F = F, uF 2 . Let W = W t u W 2 cp V / uV 2 
be such that W is just a bivector space over the real bifield F - 
Fi uF 2 ; i.e., W is not a neutrosophic bivector space over the 
bifield F; then we call W to be a pseudo bivector subspace of V 
over the bifield F. 

We will illustrate this by the following examples. 

Example 2.3.25: Let V = Vi u V 2 = 

a,b,c,d g N(Q) 



j^a b 

|l c d 



u {(a, b, c, d, e, f) I a, b, c, d, e, f g N(Z 2 )} be a neutrosophic 
bivector space over the bifield F = Q u Z 2 . Take W = W , u W 2 
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a b 
c d 



a,b,c,d g Q 



u {(a, b, c, d, e, f) I a, b, c, d, e, f g Z 2 } cV^ V 2 . Clearly W 
is only a bivector space over the bifield F. Thus W is a pseudo 
bivector subspace of V over the bifield F = Q u Z 2 . 

Example 2.3.26: Let V = Vj u V 2 = {Zi 7 I[x]; all polynomials 
in the variable x with coefficients from Z I7 I} u 



a - a. 



V a 4 a 5 a 6 J 



a i g N(Z 13 ) 



be a neutrosophic bivector space over the bifield F = Zi 7 u Zi 3 . 
We see there does not exist a W = W, u W 2 c V] u V 2 such 
that W is a bivector space over the bifield F = Z 17 u Z 13 . 

Thus we see from this example that all neutrosophic 
bivector spaces need not in general contain pseudo bivector 
subspaces. 

In view of this we have the following result which proves the 
existence of a class of neutrosophic bivector spaces which do 
not contain pseudo bi vector subspaces. 

THEOREM 2.3.5: Let V = V 2 u V 2 be a neutrosophic bivector 
space over the real bifield F = F } uF 2 ■ Even if one of V t [or V 2 ) 
has its entries from the neutrosophic field F f ( or F 2 I) then we 
see V has no pseudo bivector subspaces. 

Proof: We see in V = Vi u V 2 the entries are in one of Vi or V 2 
or in both Vi and V 2 , the entries are taken from FT (F 2 I) or from 
FT and FT. Since Fj <£ F ; I; i = 1, 2 we see V; can never be a 
vector space over F, but only a neutrosophic vector space over 
F i; i = 1,2. Hence the claim. 
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We say a neutrosophic bivector space V = Vi u V 2 isa pseudo 
simple neutrosophic bivector space if V has no proper pseudo 
bivector subspace. 

Example 2.3.27: Let V = Vi u V 2 = 



I 



a 

c 



b N 



a,b,c,d g Z 7 I 





f n \ 

a i 




u < 


a 2 


a ; g QI; 1 < i < 4 




a 3 




v a 4y 





be a neutrosophic bivector space over the bifield F = Z 7 u Q. V 
is a pseudo simple neutrosophic bivector space. 

Example 2.3.28: Let V = Vi u V 2 = {Znl[x]; all polynomials in 
the variable x with coefficients from the field Zul} u { (ai, a 2 , 
a 3 , a 4 , a 5 , a 6 , a 7 ) I aj g N(Q); 1 < i < 7} be a neutrosophic 
bi vector space over the bifield F = Z n u Q. V is a pseudo 
simple neutrosophic bivector space over the bifield F. 

Now we proceed onto define the notion of quasi pseudo 
bivector subspace of a neutrosophic bivector space. 

DEFINITION 2.3.14: Let V - \f uV 2 be a neutrosophic bivector 
space over the bifield F - Fj uF 2 . Let W = Wj u W 2 cr V / uV 2 
where only one ofWi or W 2 is a vector space over Fj or F 2 and 
the other is a neutrosophic vector space over F t or F 2 then we 
call W to be a quasi pseudo bivector subspace of V over the 
bifield F - F 7 uF 2 . 

We will illustrate this situation by some examples. 

Example 2.3.29: Let V = V| u V 2 = j(a, b, c, d) I a, b, c, d e 

Z 13 I} u 
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f a t a 2 


a 3 ' 




a 4 a 5 


a 6 


a t g N(Z 5 );1 < i < 9 


V S 7 a 8 


a 9y 





be a neutrosophic bivector space over the bifield F = Z [3 u Z 5 . 
Take W = Wi u W 2 = {(a, a, a, a) I a e Z 13 I} u 



a. 



a, a 



V a 7 a 



5 a 6 

a 



aj g Z 5 ; 1 < i < 9 



9 J\ 



cV| u V 2 ; Wi is a neutrosophic vector subspace of Vi over Z [3 
and W 2 is just vector space of V 2 over Z 5 . We see W 2 is not a 
neutrosophic vector subspace of V 2 over Z 5 . Thus W = W\ u 
W 2 is a quasi pseudo bivector subspace of V over the bifield F = 
Zl 3 ^ Z5. 



Example 2.3.30: Let V = V 3 u V 2 = { N(Z| 9 )[xj; all polynomials 
in the variable x with coefficients from the field N(Zi 9 )} u 



r 



v 



a b c 
d e f 



a,b,c,d,e,f eZJ 



be a neutrosophic bivector space over the bifield F = Z [9 u Z 43 . 
Take W = Wi u W 2 = {Z [9 [x]; the set of all polynomials in the 
variable x with coefficients from Z !9 } u 



f ?l a a^ 



v a a a y 



a g Z 43 l 



cV|U V 2 ; W is a quasi pseudo bivector subspace of V over the 
bifield F = Z ]9 u Z 43 . 
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Now it may so happen we can have for some neutrosophic 
bivector subspace both pseudo bivector subspace as well as 
quasi pseudo bivector subspaces. 

We will illustrate this situation by an example. 

Example 2.3.31: Let V = Vf u V 2 = 

a,b,c,d e N(Q) 



j^a b 

|l c d 



u {N(Z 47 )[x]; all polynomials in the variable x with coefficients 
from the neutrosophic field N(Z 47 )}be a neutrosophic bivector 
space over the bifield F = Qu Z 47 . Take W = WjU W 2 = 



f 






a 

a 



Q ) 



u [Z 47 [x]; all polynomials in the variable x with coefficients 
from the field Z 47 } cViU V 2 ; clearly W is a pseudo bivector 
subspace of V over the bifield F = Qu Z 47 . 

Let S = Si u S 2 = 



( 



V 



a 

a 




u {Z 47 I[x]; all polynomials in the variable x with coefficients 
from Z 47 I } c V| u V 2 . S is a quasi pseudo bivector subspace of 
V. Thus V can have both types of bivector subspaces. 

Finally we define subneutrosophic bivector subspace. 

DEFINITION 2.3.15: Let V — V/ u V 2 be a neutrosophic bivector 
space over the bifield F - Fj uF 2 . Let W = Wj u W 2 er V / uV 2 
be a neutrosophic bivector space over the bisubfield K = Kj u 
K 2 cz F 1 uF 2 ; Kj erf 7 ,; K, is a proper subfield of F,; i - 1, 2. We 
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then call W to be a subneutrosophic bivector subspace of V over 
the subbifielcl K of the bifield F. If V — Vj U V 2 has no 
subneutrosophic bivector subspace then we call V to be a sub 
bisimple neutrosophic bivector space. 

We will illustrate this situation by some examples. 

Example 2.3.32: Let V = V 1 uV 2 = 

a,b,c,d g Rlj u {(a, b. c, d, e) I a, b, c, d, e g RI} 

be a neutrosophic bivector space over the bifield, 

F = Q( V2,V3,^,VU,VI7 ) u Q( Vl9,V23,V43,V4T.V7 ). 
Take W = W,u W 2 - 

a g Rll u {(a, a, a, a, a) I a g RI} cV|U V 2 , 





W = Wi u W 2 is a neutrosophic bivector space over the 
subbifield 

K = Q(V2,VlT,Vl7)uQ(Vl9,V4T) 

= Ki u K 2 c Fi u F 2 . 

Thus W is a subneutrosophic bivector subspace of V over the 
subbifield K = Ki u K 2 . 

Example 2.3.33: Let V = V| u V 2 = 



ff a ! 


a 2 


a 3 


a 4 a 5^ 


a, e Rl j 




a 7 


a 8 


a 9 a i0 y 


J 
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V a 5 



\ 




' 


a i G 


Z 2 [x] 


I 


_(x 2 +x + l)_ 






/ 





be a neutrosophic bivector space over the bifield R u 
Z Ixl 

J . . Take W = W,uW 2 = 

(x 2 + x + l) 







' 






' 


a a a a^ 


1 




a a 






a a a a y 


a t g QI > u - 
J 




a a 




a; G Z 2 I 




_ 


v a a . 







cViU V 2 ; W is a subneutrosophic bivector subspace of V over 

Z Ixl 

the subbifield K = KiuK 2 = QuZt(zRu . 

(x 2 + x + l) 

Now we proceed onto define the notion of strong neutrosophic 
bivector space and discuss a few important properties about 
them. 

DEFINITION 2.3.16: Let V = V/ u\f be a neutrosophic bivector 
space over the neutrosophic bifield F - Fj UF2, then we call V 
to be a strong neutrosophic bivector space of type II. 

We will illustrate this by some examples. 

Examples 2.3.34: Let V = V, u V 2 = 

a,b,c,d g QI 



JY a b 

jfc d 



u {(a, b. c, d, e, f. g) I a, b, c, d, e, f, g e Z 7 1} be a strong 
neutrosophic bivector space over the neutrosophic bifield F = Fi 
F 2 — QI Z 7 I. 
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Example 2.3.35: Let V = V| u V 2 = 



( *1 a 2 a 3 O 

V a 5 a 6 a 7 a 8/ 



a, g N(Q);1 < i < 8 > u 



a, a 7 



a,, a. 



V a 7 a 



8 a 9 J 



a; gN(Z u );1 < i < 9 



be a strong neutrosophic bivector space over the neutrosophic 
bifield F = QIuZ u I. 

We see strong neutrosophic bivector spaces are defined over 
neutrosophic bifields but neutrosophic bivector spaces are 
defined over real bifields. We see only incase of strong 
neutrosophic bispaces we can define neutrosophic bifunctionals 
but incase of neutrosophic bivector spaces we cannot define 
neutrosophic bifunctionals. 

Now we will proceed onto define substructures in strong 
neutrosophic bivector spaces. 

DEFINITION 2.3.17: Let V = V / u V2 be strong a neutrosophic 
bivector space over the neutrosophic bifield F - Fj uF 2 . Let W 
= Wi u W 2 cr V 1 u V 2 , if W is a strong neutrosophic bivector 
space over the neutrosophic bifield F - Fj uF 2 , then we call W 
to be a strong neutrosophic bivector subspace of V over the 
neutrosophic bifield F = F t uF 2 . 

We will illustrate this by the following examples. 

Example 2.3.36: Let V = V, u V 2 = 



a b 

|U e 



a,b,c,d,e,f gN(Z 7 ) 



u 
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a, gN(Z u );1 < i < 5 



be a strong neutrosophic bivector space over the neutrosophic 
bifield Z 7 I uZ„I. Take W = W[UW 2 = 

a l 

a 

a aeZ n I 
a 

a J 

cV|U V 2 ; W is a strong neutrosophic bivector subspace of V 
over the neutrosophic bifield Z 7 1 u Z n I. 

Example 2.3.37: Let V = V| u V 2 = 

a i a 2 a 3 

0 a 5 a 6 
0 0 a 8 

0 0 0 






\fa l 0 a 2 0 a 3 0 a 4 

| v 0 a 5 0 a 6 0 a 7 0 



Z 17 I;1 < i < 7 



be a strong neutrosophic bivector space over the neutrosophic 
bifield F = F! u F 2 = Z 23 1 u Z 17 1. 

Let W = Wj u W 2 = 
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a a a a 

0 a a a 

0 0 a a 

0 0 0 a 

[fa 0 a 0 a 0 a^i 

\ a g Z I7 I 

\{0 0 0 0 0 0 oj 

c Vi u V 2 ; W is a strong neutrosophic bivector subspace of V 
over the neutrosophic bifield F = Fi u F 2 . 

DEFINITION 2.3.18: Let V - Vj u V 2 be a strong neutrosophic 
bivector space over the neutrosophic bifield F - F } uF 2 ■ Let W 
- W I u W 2 c V, u V 2 ; is defined to be a pseudo strong 
neutrosophic bivector subspace of V if W is a neutrosophic 
bivector space over the real bifield K - K, uK 2 erf 7 / u F 2 . 

We will illustrate this by some examples. 

Example 2.3.38: Let V = V| u V 2 = 

a.b,c,d g N(Z n )j u 

{(an a 2 , a 3 , a 4 , a 5 , a 6 , a 7 ) I a ; g N(Z u ); 1 < i < 7} be a sttong 
neutrosophic bivector space over the neutrosophic bifield F = 
N(Zn) u N(Z 17 ) = Fi u F 2 . Choose W = W, u W 2 = 

a,b,c g Z n l| u 

{ (ai 0 a 3 0 as 0 a 7 ) I ai, a 3 , as, a 7 g N(Zn)} c V, u V 2 . W is a 
pseudo strong neutrosophic bivector subspace of V over the real 
bifield Zn u Z i7 cFiU F 2 . 
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Example 2.3.39: Let V = Vi u V 2 = {N(Zi 9 )[x]; all polynomials 
in the variable x with coefficients from N(Zi 9 )} u { (xi, x 2 , x 3 , 
x 4 , x 5 ) I X; g N(Z 23 ); 1 < i < 5 } be strong neutrosophic space 
over the neutrosophic bifield F = N(Zi 9 ) u Z 23 I. 

Take W = W , u W 2 = [Z|<,I[x]; all polynomials in the 
variable x with coefficients from Z19I} u {(a a a a b) I a, b g 
Z 23 I} c V| u V 2 ; W is a pseudo strong neutrosophic bivector 
subspace of V over the real bifield K = Ki u K 2 = Z 39 u Z 23 c 
Fj u F 2 = N(Zi 9 ) u Z 23 I. 

Recall a bifield F = F 3 u F 2 is said to be a quasi 
neutrosophic bifield if one of Fi or F 2 is a neutrosophic field and 
the other is just a real field. F = QI u Z 17 is a quasi neutrosophic 
bifield. F = Q u Z n I is a quasi neutrosophic bifield. F = N(Z 2 ) 
u Z 3 is a quasi neutrosophic bifield. 

DEFINITION 2.3.19: Let V - Vi u V 2 be a neutrosophic bivector 
space over the bifield F - F] u F2. If F = Fj u F 2 is only a 
quasi neutrosophic bifield then we call V to be a quasi strong 
neutrosophic bivector space over the quasi neutrosophic bifield. 

We will illustrate this situation by some simple examples. 

Example 2.3.40: Let V = V| u V 2 = 



( 



V 



a 

c 



b" 



a,b,c,d g QI 



u 



fa 0 
b c 
0 d 

(0 0 



0 0 " 
0 0 
0 0 

e f . 



a,b,c,d,e,f g Z 17 I > 



be a quasi strong neutrosophic bivector space over the quasi 
neutrosophic bifield F = Qu ZnI. 
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Example 2.3.41: Let V = V| u V 2 = 





' a l 


a 2 


a 3 


a 4 " 






a 5 


a 6 


a 7 


a s 


a; g N(Z 23 );1 < i < 12 




V a 9 


a io 


a il 


a i2y 





{Z n I[x]; all polynomials in the variable x with coefficients from 
the field Znl} be a quasi strong neutrosophic bivector space 
over the quasi neutrosophic bifield F = Z 2 3 u Z n I. 

DEFINITION 2.3.20: Let V - Vj U V 2 be a neutrosophic bivector 
space over the bifield F - Fj uF 2 ■ Let W = W 2 u W 2 cr V/ uV 2 
be a strong neutrosophic bivector space over the neutrosophic 
subbifield K - Kj u K 2 cr Fj u F 2 ; then we call W to be a 
strong neutrosophic bivector subspace of V over the 
neutrosophic bisubfield K-Kj uK 2 cr F / uF 2 . 

We will illustrate this situation by some examples. 



Example 2.3.42: Let V = V, u V 2 = 



0 

a 8 

0 



V a i3 



0 

0 



“10 

0 



“12 

0 



0 a 3 
a 4 0 
0 a 5 

a 6 0 

0 a 7 
a„ a Q 



15 J 



a, g N(Q);1 < i < 15 



1 u 



a j g N(Z U );1 < i < 9 



79 




be a strong neutrosophic bivector space over the neutrosophic 
bifield F = F t u F 2 = N(Q) u N(Z n ). Take W = u W 2 = 



f a a a a a^i 



a a 
0 a 



0 a 0 a 0 

- a 0 0 0 a 

0 a a a 0 



a gN(Q) 



u 



a 0 



0 a 
a 0 



a e Z n I 



[a 0 a 0 aj 



0 a 

v a a . 



cViU V 2 ; W is a strong subneutrosophic bivector subspace of 
V over the neutrosophic bisubfield K = K. u K 2 = QI u ZnI c 
N(Q)uN(Z„). 



Example 2.3.43: Let V = V| u V 2 = 



f a i a 2 

a 4 a 5 

j a 7 a 8 



a; g N(Z 47 );1< i < 15 



u 



a i0 a il a i2 

V a 1 3 a i4 a i5 / 



I V a i5 



*21 J 



a, g N(Z 3 );1 < i <21 



be a strong neutrosophic bivector space over the neutrosophic 
bifield F = Fj u F 2 = N(Z 47 ) u N(Z 3 ). 

Take W = W 1 u W 2 = 



80 






f a 


a 


a 


a 


a 


a 


a l 


0 


0 


0 


0 


0 


0 


0 


u 


0 


a 


0 


a 


0 


O 7 



a e Z 3 I 



cViU V 2 ; W is a strong subneutrosophic bivector subspace of 

V over the neutrosophic bisubfield K = u K 2 = Z 47 I u Z 3 I cr 
N(Z 47 ) u N(Z 3 ) = F 3 u F 2 . 

Now we state a result which will prove the existence of strong 
subneutrosophic bivector subspaces. 

THEOREM 2.3.6: Let V = V/ u V 2 be a strong neutrosophic 
bivector space over a neutrosophic field F - Fj u F 2 where 
both F 1 and F 2 are of the form F, — N( K,) where K, is a real 
field; i — 1, 2 then V has a strong subneutrosophic bivector 
subspace provided V has neutrosophic bivector subspaces. 

The proof of this theorem is left as an exercise for the reader. 

DEFINITION 2.3.21: Let V — Vi u V 2 be a strong neutrosophic 
bivector space over the neutrosophic bifield F = Fj u F 2 . If V 
has no strong sub neutrosophic bivector subspaces then we call 

V to be a bisimple strong neutrosophic bivector space. 

We will illustrate this by some simple examples. 

Example 2.3.44: Let V = V| u V 2 = 

If X, X 2 x 3 x 4 x 5 x 6 

jl x 7 X 8 X 9 X 10 X 11 X 12 
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f a 


b 


a l 




b 


a 


b 




a 


a 


a 




b 


b 


b 


a,b e Z 5 I 


a 


a 


b 


b 


b 


a 




a 


b 


b 




! b 


a 


a . 





be a strong space over a neutrosophic bivector space over the 
neutrosophic bifield F = F, u F 2 = Z 13 I u Z 5 I. We see there 
exists no strong neutrosophic bivector subspace for V. This is 
true as F = F! u F 2 = Z 13 I u Z 5 I has no neutrosophic subbifield. 
Flence the claim that V is a bisimple strong subneutronsophic 
bivector space. 

Example 2.3.45: Let V = ViuV 2 = { N(Zi 9 )[ x]; all polynomial 
in the variable x with coefficients from N(Z 19 )} u 

IV a \ ] 

a i 

a 2 

■ 3 a t eN(Z, 3 );l<i<6 > 

a 4 

a 5 

_V a 6 j 

be a strong neutrosophic bivector space over the neutrosophic 
bifield Z [9 I u Z 23 I. Take any W = Wi u W 2 cViU V 2 ; we see 
as F has no subbifield which is neutrosophic, V has no strong 
subneutrosophic bi vector spaces; so V is a bisimple strong 
subneutrosophic bivector space. 

Now we give a theorem which guarantees the existence of 
bisimple strong subneutrosophic bivector spaces. 
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THEOREM 2.3.7: Let V - Vj u V 2 be a strong neutrosophic 
bivector space over the neutrosophic bifield F - Fj U F 2 , where 
F j and F 2 are of the form Kl where K is the prime real field of 
characteristic zero or a prime p. Then V is a bisimple strong 
subneutrosophic bivector space over the neutrosophic bifield F 
= F, uF 2 . 



Proof: Given V = V, u V 2 is a strong neutrosophic bi vector 
space over the neutrosophic bifield F = Fi u F 2 and Fi = K,I 
where K ; is a prime field, i = 1, 2. So F ; has no proper 
neutrosophic subfield for i = 1,2. Flence V cannot have a strong 
subneutrosophic bivector space over any subfield of the bifield 
F. Flence V = Vi u V 2 is a bisimple strong subneutrosophic 
bivector space over F. 

Thus we have proved the existence of bisimple strong 
subneutrosophic bivector spaces. 

Now we proceed on to define the concept of linearly 
independent bisubset and the basis for the strong neutrosophic 
bivector spaces. 

DEFINITION 2.3.22: Let V - Vj uV 2 be a strong neutrosophic 
bivector space defined over the neutrosophic bifield F = Fj u 
F 2 . A bisubset S - S/ U S 2 cy V t uV 2 is said to be a linearly 
biindependent or bilinearly independent over F if each S, is a 
linearly independent subset of Vi over F,; i = 1, 2. If S = Si uS 2 
be a linearly biindependent bisubset of V and if each Si 
generates V, over Ft for i = 1,2 then we say S is a bibasis ofV - 
Vj uV 2 over F = Fj uF 2 . 



We will illustrate this situation by some examples. 
Example 2.3.46: Let V = Vi u V 2 = 



^a a^ 



a a 



a e N(Z n ) 



I V a a /| 



> u {(a a a) I a e N(Zn)} 
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be a strong neutrosophic bivector space over the neutrosophic 
bifield F = N(Z„) u N(Z 17 ). Take S = Si u S 2 = 



Yl lY 

■ 1 1 u{(l 1 1 )}cV,uV, 



S is a bibasis of V we say the bidimension of V is the (number 
of elements in Si) u (number of elements in S 2 ) where S = Si u 
S 2 is a bibasis of V over the neutrosophic bifield F = Fi u F 2 
and it is denoted by (IS IS 2 I) or ISJ u IS 2 I. We see the 
bidimension of V = V 1 u V 2 in example 2.3.46 is (1. 1). 

Example 2.3.47: Let V = ViUV 2 = {Z n I[x]; all polynomials in 
the variable x with coefficients from the neutrosophic field 
Zi 7 I } u {(N(Q) x N(Q) x N(Q))} be a strong neutrosophic 
bivector space over the neutrosophic bifield F = Z n I u N(Q). 

Take S = S,uS 2 = {I. Ix, lx 2 , .... Ix n , ...} u {(100), (010), 
(001)} cVjU V 2 ; S is a bibasis of V over the bifield F = Zi 7 I u 
N(Q) and bidimension of V over F is ( 00 , 3). 

We say the bidimension is bifinite if both IS 1 1 and IS 2 I are 
finite; even if one of ISjl or IS 2 I is not finite we say the 
bidimension of V is biinfinite over F. We see the bidimension of 
V given in example 2.3.47 is biinfinite. 

Next we will prove that in general every linearly 
biindependent bisubset of a strong neutrosophic bisubset of a 
strong neutrosophic bivector space need not form a bibasis of V 
= ViuV 2 over F = Fi u F 2 . 

We will illustrate this by some examples. 



Examples 2.3.48: Let V = V) u V 2 = 



d.\ dir. 



V a 7 a 8 J 



a ; e Z 19 I;1 < i < < 



u 
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{(ai, a 2 , a 3 , a 4 , a 5 ) I a, e N(Z n ); 1 < i < 5} be a strong 
neutrosophic bivector space over the bifield F = Fi u F 2 = Zi 9 I 
u N(Z n ). Take S = Si u S 2 = 




{(I, 0, 0, 0, 0), (0, I, I, 0, 0), (0, 0, I, 0, I)} c V, u V 2 ; S is a 
linearly biindependent bisubset of V over the bifield F = Z 19 I u 
N(Zn). Clearly S is not a bibasis of V = V[ u V 2 over F = Z [9 I 
uN(Z„). 

Example 2.3.49: Let V = Vi u V 2 = 




be a strong neutrosophic bivector space over the bifield F = Fi 
u F 2 = QI u Z 7 I. Take S = Si u S 2 = 

(fi I 0 0] fo 0 31 I] f 0 0 0 0^ 

1^0 0 0 oj’^0 0 0 0 J’ y-3I I 0 oj’ 
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u 



"0 

v0 



0 o oWo 0 0 

0 71 oJ’Q) 0 0 



0" 

21 , 




cV|U V 2 ; S is a linearly biindependent bisubset of V = Vj u 
V 2 over F = Fi u F 2 = QI u Z 7 I. 

Now we will proceed on to define the notion of strong 
neutrosophic bilinear algebra or strong neutrosophic linear 
bialgebra. 

DEFINITION 2.3.23: Let V - Vj u F 2 be a strong neutrosophic 
bivector space over the neutrosophic bifield F - Fj u F 2 . If 
each Vi is a neutrosophic linear algebra over the field F„ i = 1, 
2 then we call V - V7 uV 2 to be a strong neutrosophic bilinear 
algebra over the neutrosophic bifield F - Fj UF 2 . 

We will illustrate this by some simple examples. 

Example 2.3.50: Let V = Vi u V 2 = 



f 



V 



a 

c 



b l 

d . 



a,b,c,d g QI 



u 



{(a. b, c, d, e, f. g. h, i) I a, b, c, d, e, f, g. h. i g Z n I} be a strong 
neutrosophic bilinear algebra over the bifield F = QI u ZnI. 
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Example 2.3.51: Let V = ViuV 2 = {Z 13 I[x]; all polynomials in 
the variable x with coefficients from Z 13 I} u 



^a a^ 



v a a y 



a e Z 23 l 



be a strong neutrosophic bilinear algebra over the neutrosophic 
bifield F = Fi u F 2 = Z 33 I u Z 23 I. 

We see in general all strong neutrosophic bivector spaces 
are not strong neutrosophic bilinear algebras. But all strong 
neutrosophic bilinear algebras are strong neutrosophic bivector 
spaces. 

We will illustrate the former one by an example as the latter 
claim simply follows from the very definition of strong 
neutrosophic bilinear algebra. 



Example 2.3.52: Let V = V| u V 2 = 



b 

c 

d 



a,b,c,d,e e Z n I 



u 



V a 6 a 7 a ? a 



9 “ 10 / 



a, e Z 7 I;1 < i < 10 



be a strong neutrosophic bivector space over the neutrosophic 
bifield F = Z 33 I u Z 7 I. We see V = Vi u V 2 is not a strong 
neutrosophic bilinear algebra over the bifield F = Fi u F 2 = Z !3 I 
u Z 7 I as we see multiplication of elements within V, are not 
defined for i = 1,2. 

Now we define yet a new concept called quasi strong 
neutrosophic bilinear algebra. 
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DEFINITION 2.3.24: Let V - Vi u F 2 where Vi is a strong 
neutrosophic vector space over the neutrosophic field F t ( V t is 
only a vector space and V2 is a strong neutrosophic linear 
algebra) over the neutrosophic field F2 then we call V - Vj u 
V2 to be a quasi strong neutrosophic bilinear algebra over the 
neutrosophic bifield F = F t uF 2 . 

We will illustrate this by the following examples. 

Example 2.3.53: Let V = Vi u V 2 = 



V a 9 a il 



*12 J 



Z 29 I;l<i<12 



u 



{QI[x]; all polynomials in the variable x with coefficients from 
QI} be a quasi strong neutrosophic bilinear algebra over the 
neutrosophic bifield F - Z 29 I u QI. 



Example 2.3.54: Let V = Vi u V 2 = 

|a ; e Z 5 I ;1 < i < 14 J- u 
|a.b,c,d g Z 2 I ! 



a i a 2 a 3 a 4 a 5 a 6 

cIq 3u < 



a i3 a i4 J 



a b 



v c d y 



be a quasi sti'ong neutrosophic bilinear algebra over the 
neutrosophic bifield F = Z 5 I u Z 2 I. 

DEFINITION 2.3.25: Let V — V / u V 2 be a strong neutrosophic 
bivector space over the neutrosophic bifield F - F ) u F 2 . 
Suppose W = Wj uW 2 cV] u V2 is such that W is a strong 
neutrosophic bilinear algebra over the neutrosophic field F = 
F 1 u F 2 then we call W to be a pseudo strong neutrosophic 
bilinear subalgebra ofV over F - F 1 U F2. 
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Example 2.3.55: Let V = V| u V 2 = 



^0 
y o 



V 



x,y e Z 7 I > u 



0 a. 



0 a. 



I V a 4 



ai,a2,a 3 ,a 4 ,a 5 £=ZgI 



be a strong neutrosophic bivector space over the bifield F = F, 
uF 2 = Z 7 I u Z 5 I. Take W = Wi u W 2 = 



f° X 1 

0 0 



a 



X G Z,I U 



V 



J 



V 



i 0 a 2 
0 0 0 
0 0 0 






, &2 £ Z 5 I ( 



to be a strong neutrosophic bilinear algebra over the 
neutrosophic bifield F = Z 7 I u Z 5 I, both Wi and W 2 is closed 
under matrix multiplication. Thus W = W| u W 2 cV|UV 2 isa 
pseudo strong neutrosophic bilinear subalgebra of V over the 
neutrosophic bifield F. 

Example 2.3.56: Let V = V[UV 2 = 



|fa b l 

[l c d . 



a,b,c,d e Z,„I > u 



r 



\ 



a a a 
0 0b 
c 0 d 






a,b.c,deZ 4l I 



J 



be a strong neutrosophic bivector space over the neutrosophic 
bifield F = F|UF 2 = Z 19 I u Z 41 I. Take W = W 2 u W 2 = 
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Jfo °1 

lU 0, 



deZ l9 I 







^a 


0 


0" 


u < 




0 


0 


0 






lo 


0 


d 2 



a,deZ 41 I 



c Vi u V 2 . W is a pseudo strong neutrosophic bilinear sub 
algebra of V over the bifield F = Zi 9 I u Z41I. 

DEFINITION 2.3.26: Let V - V ] uV 2 be a strong neutrosophic 
bilinear algebra over the neutrosophic bifield F = Fj uF 2 . Let 
W - Wj u W 2 cr V / u V2, if W is a strong neutrosophic bivector 
space over F then we call W to be pseudo strong neutrosophic 
bivector subspace of V over F provided W is not a strong 
neutrosophic bilinear subalgebra of V over F. 

We will illustrate this situation by some Examples. 

Example 2.3.57: Let V = V| u V 2 = 



babe' 




d e f 


a,b,c,d,e,f ,g,h,i e N(Q) 


U h i. 





a b 
c d 



a,b,c,d e Z 7 I 



be a strong neutrosophic bilinear algebra over the neutrosophic 
bifield F = F t u F 2 = N (Q) u Z 7 I. 

Take W = W, u W 2 = 



^0 0 a A 
0 b 0 

V C 0 0y 



a,b,ce QI 



1 u 



0 a 
b 0 



a,b g Z 7 I 
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c Vj u V 2 ; W is a pseudo strong neutrosophic bivector 
subspace of V over F. 

Example 2.3.58: Let V = V} u V 2 = 



y^rx I a; g Z, I ; x is a variable or indeterminate} u 



l c d J 



a,b,c,de Z,I 



be a strong neutrosophic bilinear algebra over the neutrosophic 
bifield F = Z 2 I u Z 3 I. Take W = Wi u W 2 = 




a, eZ,I;0<i<9 



u 



fro b" 

jl C °y 



b,c g Z,I 



c Vj u V 2 ; W is a pseudo strong neutrosophic bivector 
subspace of V over the bifield F. 

DEFINITION 2.3.27: Let V - V/ (_y V 2 be a strong neutrosophic 
bilinear algebra over the neutrosophic bifield F - Fj u F 2 . Let 
W - W i u W 2 cr Vi u V 2 , where one of W t or W 2 is alone a 
strong neutrosophic linear subalgebra and the other is just a 
strong neutrosophic vector subspace; then we call W to be a 
quasi strong neutrosophic bilinear subalgebra of V over the 
neutrosophic bifield F = Fj uF 2 . 

We will illustrate this situation by some examples. 



Example 2.3.59: Let V = V| u V 2 = 



^a b^ 
v c d y 



,b,c,d g Z 7 I I u < ^ajX 1 I a ; g Z 2 I;0<i<t 
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be a strong neutrosophic bilinear algebra over the neutrosophic 
bifield F = F t u F 2 = Z 7 I u Z 2 I. Take W = Wi u W 2 = 



r a a A 



v a a y 



a g Z 7 I l u l ^ajX 1 



a; GZ 2 I;0<i<8 



cV|U V 2 ; W is a quasi strong neutrosophic bilinear subalgebra 
of V over F = Z 7 I u Z 2 I. 

Example 2.3.60: Let V = V| u V 2 = 



( a b 




d e f 


a.b.c,d,e,f .g.h.i g Z 7 I 


U h b 





1 u 



{N(Q)[x]; all polynomials in the variable x with coefficients 
from N(Q)} be a strong neutrosophic bilinear algebra over the 
bifield F = Z 7 I u QI. Take W = W,uW 2 = 



f 0 0 a" 




0 b 0 


a.b,c g Z 7 I 


v c 0 0 y 





{QI[x]; all polynomials in the variable x with coefficients from 
QI} c Vi u V 2 ; W is a quasi strong neutrosophic bilinear 
subalgebra of V over F. 

Now we proceed onto define the notion of strong neutrosophic 
bilinear subalgebra. 

DEFINITION 2.3.28: Let V = V/ u V2 be a strong neutrosophic 
bilinear algebra over the neutrosophic bifield F - Fj uF 2 ■ Let 
W ~ W/ u W 2 cr Vj u V 2 be a proper bisubset of V; if W is a 
strong neutrosophic bilinear algebra over the bifield F = F t U 
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F 2 ; then we call W = W/ u W 2 to be a strong neutrosophic 
bilinear subalgebra ofV over the bifield F - Fj uF 2 . 

We will illustrate this situation by some examples. 

Example 2.3.61: Let V = V| u V 2 = 

a,b,c,de N(Z 4I )| u 

{N(Zn)[x]; all polynomials in the variable x with coefficients 
from N (Zn)} be a strong neutrosophic bilinear algebra over the 
neutrosophic bifield F = Z 41 I u Znl. Take W = Wj u W 2 = 

a,b.c,d e Z 41 lj u 

{Z n I[x]; all polynomials in the variable x with coefficients from 
the neutrosophic field Znl} c Vi u V 2 ; W is a strong 
neutrosophic bilinear subalgebra of V over the bifield F = Z 41 I 
u Znl. 

Example 2.3.62: Let V = V[UV 2 = 
a b c^j 

d e f a.b,c,d,e,f,g.h,i e Z 29 I > u 
g h ij 

{(a b c d e f) I a, b, c, d, e, f e Z 53 I} be a strong neutrosophic 
bilinear algebra over the neutrosophic bifield F = Z 29 I u Z 53 I. 
Let W = W,uW 2 = 
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U 



fa b 
Ode 

U 0 f y 



a,b,c,d,e,f g Z 29 I 



{(a 0 b 0 d 0) I a, b, d g Z 53 I } c Vi u V 2 ; W is a strong 
neutrosophic bilinear subalgebra of V over the neutrosophic 
bifield F = Z 29 I u Z 53 I. 

DEFINITION 2.3.29: Let V = V 2 u V 2 be a strong neutrosophic 
bilinear algebra over the neutrosophic bifield F = Fj u F 2 . Let 
W = W, u W 2 cr Vi u V 2 ; be such that W is a strong 
neutrosophic bilinear algebra over the proper neutrosophic 
bisubfield K = Kj u K 2 ci F t u F 2 ; K , is a proper neutrosophic 
subfield of F„ i = 1, 2. We call W - Wj u W 2 to be a strong 
subneutrosophic bilinear subalgebra of V over the neutrosophic 
subbifield K = K 2 uK 2 czF j uF 2 . 

We will illustrate this by some examples. 

Example 2.3.63: Let V = V| u V 2 = 



fa b 




d e f 


a,b.c,d,e,f .g.h.i g N(Q) 


U h K 





{N(Z 47 )[x]; all polynomials in the variable the x with 
coefficients from the neutrosophic field N(Z 47 )} be a strong 
neutrosophic bilinear algebra over the neutrosophic bifield F = 
N(Q) u N(Z 47 ). Take W = W,uW 2 = 



( a a a^ 



a a a 



^a a a y 



a g QI 



u 
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{Z 47 I[x]; all polynomials in the variable x with coefficients from 
the neutrosophic field Z 47 I } c Vi u V 2 ; W is a strong 
subneutrosophic bilinear subalgebra of V over the neutrosophic 
subbifield K = u K 2 = QI u Z 47 I c N(Q) u N(Z 47 ). 

Example 2.3.64: Let V = Vi u V 2 = 



f a 


b 


c 


d^ 




0 


e 


f 


g 


a,b,c,d,e,f,g,h,i, j e N(Z n ) 


0 


0 


h 


i 


1° 


0 


0 


jj 





0 

o y 




b c 0 


a,b,c,d,e,f e N(Z n ) 


l d e f. 





be a strong neutrosophic bilinear algebra over the neutrosophic 
bifield F = F 1 uF 2 = N(Z 11 )uN (Z{1). 

Take W = W,uW 2 = 

f a a a 
0 a a 
0 0a 
^0 0 0 



a e Z n I 



1 u 



l^a 0 0 A 
b c 0 
[V d e fj 



a,b,c,d,e,f e Z 17 I 



c Vi u V 2 ; W is a strong subneutrosophic bilinear subalgebra 
of V over the neutrosophic subbifield K = KiuK 2 = ZhIu Z [7 I 
cN(Z„)uN(Z 17 ). 
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A neutrosophic bifield F = Fj u F 2 is said to be 
neutrosophic biprime if both Fi and F 2 have no proper 
neutrosophic subbifields contained in them. F = Z n l u Z 2 I is 
neutrosophic biprime. F = QI u Z 3 I is neutrosophic biprime. 

We see if Fi is a neutrosophic prime field then it is of the 
form QI or Z P I; p a prime. 

Now we will define bisimple strong subneutrosophic linear 
bialgebra. 

DEFINITION 2.3.30: Let V - Vj u V2 be a strong neutrosophic 
bilinear algebra over the neutrosophic bifield F = Fj UF2. If V 
has no proper strong subneutrosophic bilinear subalgebra then 
we define V to be a bisimple strong subneutrosophic linear 
bialgebra. 

We will illustrate this by some simple examples. 

Example 2.3.65: Let V = V| u V 2 = 



f 






a 

c 



b" 



a.b.c.d g N(Q) 



u 



{(Xi, x 2 , x 3 , x 4 , x 5 , x 6 ) I X; g Z 7 I, 1 < i < 6} be a strong 
neutrosophic linear bialgebra over the neutrosophic bifield F = 
Fi u F 2 = QI u Z 7 I. Since F has no neutrosophic subbifield V is 
a bisimple strong subneutrosophic linear bialgebra over F. 

Example 2.3.66: Let V = V| u V 2 = 



f a 


b 


C 1 




d 


e 


f 


a.b.c,d,e,f ,g,h,i g Z 17 I 


U 


h 


K 





{N(Zn)[xj; all polynomials in the variable x with coefficients 
from N(Z n )} be a strong neutrosophic linear bialgebra over the 
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neutrosophic bifield F = Fi u F 2 = Z 17 I u Z n I. Clearly V is a 
bisimple strong subneutrosophic bilinear algebra over F. 

In view of this we have the following theorem. 

THEOREM 2.3.8: Let V - Vj u V 2 be a strong neutrosophic 
bilinear algebra over the bifield F = Fj uF 2 if each F t is of the 
form Kf where K, is a prime field i = 1, 2 then V is a bisimple 
strong subneutrosophic bilinear algebra over F. 

Proof: Follows from the fact that F = F| u F 2 . the neutrosophic 
bifield has no proper neutrosophic subbifield. 

Now as in case of strong neutrosophic bivector spaces we 
can define the bibasis of a strong neutrosophic bilinear algebra 
and linearly biindependent bisubset. This task is left as an 
exercise for the interested reader. 

We define linear bitransformation of a strong neutrosophic 
bilinear algebra into a strong neutrosophic bilinear algebra 
which we choose to call as strong neutrosophic linear 
bitransformation or when the context of reference is clear we 
just call it as strong bilinear transformation or in short just 
bilinear transformation or linear bitransformation. 

Definition 2.3.31: Let V = v, u V 2 and W= W, u W 2 be two 
strong neutrosophic bilinear algebras over the same 
neutrosophic bifield F = Fj uF 2 . A bimap T = 7j uT 2 : V - V / 
u V 2 —> W - Wj UW 2 is defined to be a strong neutrosophic 
bilinear transformation or strong bilinear transformation or 
just bilinear transformation if each T, : V, —> W, is a linear 
transformation ofV, to W, over F, for i = 1, 2. 

We will first illustrate this by some examples. 

Example 2.3.67: Let V = V| u V 2 = 

a,b,c,d g Z 17 lj u 
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T a 


b 


C 1 




d 


e 


f 


a,b,c,d,e,f ,g,h,i g Z n I 


u 


h 


K 





be a strong neutrosophic bilinear algebra over the neutrosophic 
bifield F = F 1 u F 2 = Z 17 I u Z n I. Take W = W, u W 2 = {(a, b, 
c, d) I a, b, c, d g Z 17 I} u { (ai, a 2 , a 3 , su, a 5 , a 6 , a 7 , a 8 , a 9 ) I a ; g 
ZnI; 1 < i < 9} to be a strong neutrosophic bilinear algebra over 
the same neutrosophic bifield F = Zi 7 I u ZnI. The bimap T = Ti 
u T 2 : V = Vi u V 2 — > W, u W 2 - W where Tp Vi — > Wi and 
T 2 : V 2 — > W 2 defined by 



T, 



{ a b^ 1 
v c d y 



= (a, b, c, d) 



and 



T 7 



a b c 
d e f 
g h i 



= (a, b, c, d, e, f, g, h, i) 



is a strong neutrosophic bilinear transformation of V to W. 

Example 2.3.68: Let V = Vi u V 2 = {N(Q)[x], all polynomials 
in the variable x with coefficients from N(Q)} u 



fa b c^ 




d e f 


a, b, c, d, e, f , g, h, i g Z 2 I 


U h b 





be a strong neutrosophic bilinear algebra over the neutrosophic 
bifield F = QI u Z 2 I. Let W = Wi u W 2 = 




I a, g N(Q);0 < i < oo 



u 
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{ (ai, a 2 , a 3 , a 4 , a 5 , a 6 ) I a ; g Z 2 I; 1 < i < 6} be a strong 
neutrosophic bilinear space over the same neutrosophic bifield F 
- Qi py Z 2 I. Define the bimap 

T = TiuT 2 :V = V|UV 2 ^W = W i u W 2 
where Tp Vi — > Wi and T 2 : V 2 — > W 2 are defined by 



and 





f oo 'N 




f GO ^ 


T 1 


Za.x 1 




Z a : X ’‘ 




\ i=0 ) 




v 1=0 y 



that is x — > x 2 



T: 



b c" 
d e 

i f. 



-> (a, b, c, d, e, f) 



T = T, u T 2 is a strong neutrosophic bilinear transformation of 

V into W. 

If in the definition of a bilinear transformation we put W = 

V i.e., W = Wi u W 2 = Vi u V 2 i.e., V; = Wp i = 1, 2. That is 
the range bispace W is the same as the domain bispace then we 
call the strong neutrosophic bilinear transformation as the strong 
neutrosophic bilinear operator or strong neutrosophic linear 
bioperator on V. 

We will illustrate this by some examples. 

Example 2.3.69: Let V = Vi u V 2 = 



a b 
c d 



a,b,c,d g Z 5 I l u < ^ajX 1 I a ; g N(Q);0<i < < 



be a strong neutrosophic bilinear algebra over the neutrosophic 
bifield F = Z 5 I u QI. Define T = T | u T 2 a bimap from V = Vj 
u V 2 into V = V 1 uV 2 where Tp Vi — > Vi and T 2 : V 2 — > V 2 is 
given by 



99 




and 







^a 


b^ 




/ d 




T, 






— 








1 


v c 


d > 




v b 


a . 




( ' 


30 


A 




f 00 




T 2 


Z a . x ‘ 


= 


z 


a i x 




Vi= 


=0 


J 




V i=0 





i.e., x — > x . T is a strong neutrosophic linear bioperator on V. 
Example 2.3.70: Let V = V| u V 2 = 



f * 1 a 2 *0 
0 a 4 a 5 

v° 0 a ey 



a, e N(Q);1 < i < 6 



1 u 



{ (ai, a 2 , a 3 , a 4 , a 5 ) I a ; e Z n I; 1 < i < 5} be a strong neutrosophic 
hi lineal' algebra over the bifield F = QI u ZnI. Define T = Ti u 
T 2 : V = Vi u V 2 -> V = Vi u V 2 and T t : Vi -> Vi and T 2 : V 2 
— > V 2 given by 





" a i 


a 2 






' a 6 


a 5 O 


Ti 


0 


a 4 


a 5 


= 


0 


a 4 


a 2 




vO 


0 


a 6y 




v° 


0 


a i 2 



and 

T 2 (ai, a 2 , a 3 , a 4 , as) = (as, a 3 , a 4 , a 2 , aj) 

T = T] u T 2 is a strong neutrosophic bilinear operator on V. 

It is interesting to study the collection of all strong neutrosophic 
linear transformation of strong neutrosophic bilinear algebra V 
= V, u V 2 into a strong neutrosophic bilinear algebra W = W] 
u W 2 defined over the bifield F = Fi u F 2 . 

We will denote this collection by 

SNH F=Fr ^(V,W) = SNHj, (VpW,) u SNH Fr (V 2 ,W 2 ) 
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= {Collection of all bilinear transformation of V, u V 2 into 
W,uW 2 l 

= {Collection of all linear transformation of V) into W i } u 
{Collection of all 1 incar transformation of V 2 into W 2 }. 

Interested reader can study and analyse the algebraic structure 
of SNH F wF (V,W). On similar lines the set of all strong 

neutrosophic bilinear operators (linear bioperators) of a strong 
neutrosophic linear bialgebra over the neutrosophic bifield F = 
F 2 u F 2 is denoted by 

SNH F|UF2 (V,V) = SNH Fi (VpVj) uSNH F2 (V 2 ,V 2 ) 

= SNFI FiUF2 ( Vj uV 2 ,VjUV 2 ) 

= {Collection of all strong neutrosophic linear bioperators of 
V = V, u V 2 into V = Vi u V 2 }. 

= { Collection of all strong neutrosophic linear operators of V i 
into Vj } u { Collection of all strong neutrosophic linear 
operators on V 2 into V 2 }. 

Interested reader is requested to study the algebraic structure of 
SNFI f uF (V, V) .We will prove the following interesting 

property about strong neutrosophic linear bitransformation. 

THEOREM 2.3.9: Let V = V / u V 2 be a (ni, n 2 ) bidimensional 
finite strong neutrosophic bivector space over the neutrosophic 
bifield F = Fi uF 2 . Let {a, ... a‘ n j u { a] ... af u j be a bibasis 

of V over F = F ) u F 2 . Let W = Wj u W 2 be a strong 
neutrosophic bivector space over the same neutrosophic bifield 
F = F i uF 2 . 

Let j Pi ... Pl l u { P] ... Pi j be any bivector in W. Then 
there is precisely a bilinear transformation T — Tj uT 2 from V 
= Vi uV 2 into W = Wj uW 2 such that T,( «' ) = ( /?' ) for j = 
1 , 2, ..., Hi and i = 1 , 2. 
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Proof: Given V = V|UV 2 and W = W, u W 2 are two strong 
neutrosophic bivector spaces defined over the neutrosophic 
bifield F = F t u F 2 . Let T = Ti u T 2 : V = Vj u V 2 -> W = W t 
uW 2 . 

Let {aj,a 2 ,...,aj, } u {af,a 2 , ..., } be a bibasis of V. 

Given } u {pf , P^, - - - , } is a bivector in W = Wi 

u W 2 . To prove there is a bilinear transformation T = Ti u T 2 
with Ti(a-) = (P‘) for each j = 1,2, n; and i = 1, 2. For 

every a = a 1 u a 2 in V = Vi u V 2 we have for every a 1 e Vi (i 
= 1,2) a unique xj,x 1 2 ,.„,xj 1 . such that 

a 1 = xjaj + x 2 a 2 +... + xJ, a‘ n . 

This is true for every i; i = 1,2. For this vector a 1 define 
Ti (a 1 ) = x|P5 + x 2 P 2 +... + x 1 n P| ij 

true for i = 1, 2. Thus T ; is well defined for associating with 
each vector a 1 in V ; a vector Tia 1 in W, (i = 1, 2). This rule for T 
= Ti u T 2 is a well defined rule for each T; : V; — > W,; i = 1,2. 

From the definition it is clear that T ; a‘ = P] for each j. To 
see T is bilinear. Let 

P‘= ylaj + + ••• + yj,. a‘ n . 

be in V and let C 1 be any scalar from F,. Now 

C a 1 + p 1 = (C‘xj + y| )pj + ... + (Cx; + y; )p‘_ ; 

i= 1,2. 

On the other hand 

T,<cw + p')=c|;x‘is; + |;y;is; 

i i i i 

true for each i = 1,2; i.e., true for every linear transformation T, 
in T. 

T^CV + P‘) = C ; T ; (ap + T.CP 1 ) 

true for every i. 

Thus 

T (Ca + P) = Ti (Ciai + Pi) + T 2 (C 2 a 2 + p 2 ). 

If S = Si u S 2 is a bilinear transformation from V = Vj u V 2 
into W = Wi u W 2 with Siaj = P‘ ; j = 1, 2, ..., n„ i = 1, 2 then 
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for any bi vector a = a 1 u a 2 we have for every a' in a (i = 1, 

2 ); 



« = Z x ' a : 

j=i 



We have 



Sitx 1 = S,£y W 

j=i 

= 2>j s .( al j) 



j=i 



- 2>;u; 

j=i 



so that S is exactly the rule T which we have defined. The prove 
T a = P; i.e., if a = a 1 u a 2 and P = p 1 u p 2 then T; a‘ = P‘ ; 1 < 
j <n,;i= 1,2. 

The reader is requested to make the bimatrix analogue of 
the linear bitransformation from a strong neutrosophic bivector 
space V into a strong neutrosophic bivector space defined over 
the same neutrosophic bifield F = Fi u F 2 . 

Now we proceed onto define the notion of binull space or null 
bispace and birank of a bi 1 incar transformation T. 

Definition 2.3.32: Let V = V, uV 2 and W = W, u W 2 be two 
strong neutrosophic bivector spaces defined over the 
neutrosophic bifield F - Fj u F 2 of bidimensions ( n /, n 2 ) and 
(mu m 2 ) respectively. Let T = Tj uT 2 : V = Vi uV 2 —>W = Wj 
U W 2 be a bilinear transformation. The binull space or null 
bispace of T = T } uT 2 is the set of all bivectors a = a 2 u a 2 in 
V such that T, d = 0; i = 1, 2. 

IfV is finite dimensional the birank ofT is the dimension of 
the birange ofT - T / uT 2 and binullity ofT is the dimension of 
the null bispace ofT. 

We have the following interesting relation between the birank of 
T and binullity of T. 
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THEOREM 2.3.10: Let V = V/ uV 2 and W = W t U W 2 be strong 
neutrosophic bivector space defined over the neutrosopliic 
bifield F - Fj u F 2 and suppose V is finite say (n lt n 2 ) 
dimensional T is a linear bitransformation from V into W. Then 
bircmk T + binullity T - bidimension V = (n lt n 2 ). Thus (rank Tj 
u rank T 2 ) + (nullity T / u nullity T 2 ) - (m, n 2 ). 

The proof is left as an exercise to the reader. 

Now as in case of usual neutrosophic bivector spaces we 
have in case of strong neutrosophic bivector spaces the 
following result to be true. 

Suppose V = Vi u V 2 and W = Wi u W 2 be any two strong 
neutrosophic bivector spaces over the bifield F = F! u F 2 . 

Let T and S be strong neutrosophic linear bitransformations 
from V into W. The bifunction 

(T + S) = (T j uT 2 + S,u S 2 ) = (T, + SO u (T 2 + S) 
is defined by 

(T + S)a = Ta + Sa; 

i.e., 

(T i vj T 2 + Si cj S 2 ) (ai vj a 2 ) = (T i + SO (cx.0 ^ (T 2 + S 2 ) (a 2 ) 
= (Tiai + SiaO ^ T 2 a 2 + S 2 a 2 . 



For any C e F, u F 2 = F the bifunction CT is defined by 
(CT)a = C(Ta) is a linear bitransformation from V into W. 
Further it can be proved that the set of all linear 
bitransformations from V = Vi u V 2 into W = Wi u W 2 
together with addition and scalar multiplication defined above is 
a strong neutrosophic bivector space over the same neutrosophic 
bifield F = Fi u F 2 . Further it can be proved that if V = Vi u V 2 
be a finite bidimension (ni, n 2 ) strong neutrosophic bivector 
space over the bifield F = F| u F 2 and W = Wi u W 2 be a finite 
(mj, m 2 ) bidimension strong neutrosophic bivector space over 
the same neutrosophic bifield F = Fi u F 2 , then the bispace 
SNFI FuF2 (V, W) = SNL 2 (V, W) is a finite bidimensional 

bispace of bidimension (min], m 2 n 2 ) over the same neutrosophic 
bifield F = Fi u F 2 . These results hold good when the strong 
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neutrosophic bivector spaces are strong neutrosophic bilinear 
algebras. 

We now proceed onto define biinvertible bilinear 
transformation. 



Definition 2.3.33: Let V = V / uV 2 and W = W] uW 2 be two 
strong neutrosophic bivector spaces defined over the same 
neutrosophic bifield F = F/ u F 2 of type II. A bilinear 
transformation T = 7/ uT 2 from V into W is biinvertible if and 
only if 

i 7 - 7’ ; (_y T 2 is one to one that is each T, is one to one from 
Vi into Wi such that T,a, - T, ft implies a, = ft, true for each 
i, i = 1,2,..., n. 

ii. T is onto, that is birange of T is all of W = W/ uW 2 i.e., 
each T, : Vi —> W, is onto and range T-, is all of W, true for 
every i; i = 1,2. 

We will first illustrate this situation by some examples. 

Example 2.3.71: Let V = Vi u V 2 = 



l c d J 



a,b,c,d g Z 7 I > u 



{ (ai, a 2 , a 3 , a 4 , a 5 ) I a ; g Z n I; 1 < i < 5} be a strong neutrosophic 
bilinear algebra defined over the neutrosophic bifield F = Z 7 I u 
ZnI. Define T = T! u T 2 : V = Vi u V 2 -> V = V! u V 2 where 
T! : Vi -> Vi and T 2 : V 2 -> V 2 . 

such that 



b^ 




f b a l 


v c dj 




v d c y 



and 



T 2 (ai, a 2 , a 3 , a 4 , as) — (as, a 4 , a 3 , a 2 , ai). 



Clearly T = Ti u T 2 is a strong neutrosophic linear 
bioperator of V into V. 
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Take S = Si u S 2 and define from V = V 1 uV 2 toV = V 1 u 
V 2 by 



' a b^ 




fb a l 


v c dj 




v d c y 



and 



S 2 (ai, a 2 , a3, a. 4 , as) — (as, a*, a 2 , a 2 , ai). 



S = Si u S 2 = T = T| u T 2 such that S is a strong neutrosophic 
linear bioperator of Vinto V. 

We see Ti-Ti = Ti-Si = Si-Tiis identity linear bioperator 
on V. We have Sj = Ti. 

For consider 



' a b^ 






r a 


b y 




= S, 


T, 






l c d J 




1 


v c 


d J_ 



Thus 



hence 



= S, 



'b a^ 




f a b l 


v d C J 




v d C v 



S1T1 



'a b^ 




fa b^ 


V d C J 




v d c . 



S! • Ti = T] • Si = T] • Ti = S! • Si 
(as S 1 = TO is such that T j = T” 1 . 

Now consider T 2 : V 2 — > V 2 we see T 2 = S 2 



T 2 • S 2 [(ai, a 2 , a3, a.4, as)] — T 2 (as, a4, a3, a 2 , ai) 

— ( a b a 2 i a 3 * a 4 > a 5 ) 

= identity bioperator on V 2 . 

Thus T 2 = T” 1 . We see T = T 1 u T? has the inverse bioperator 

T_! = Tj” 1 u t ; 1 . 

Now we can also give an example of a linear bitransformation 
of strong neutrosophic bivector spaces (or hi 1 inear algebras). 
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Example 2.3.72: Let V = V| u V 2 = 



a b 



v c d y 



a,b,c,d g Z 7 I j u 



a, a-, 



V a 4 a 5 a 6j 



a. i eZ n I;l<i<6 



be a strong neutrosophic bivector space over the neutrosophic 
bifield F = Z 7 I u ZnL 
Take W = W t u W 2 = 



^ a 0 b^ 
0 c d 



v 



a,b,c,d g Z 7 I | u 



f 



a, a 






[V a 5 a 6y 



a, eZ n I;l<i<6 



to be a strong neutrosophic bivector space over the same 
neutrosophic bifield F = Z 7 I u Z n I. Define T = T, u T 2 : V = 
Vi u V 2 - > W = Wj u W 2 where T 2 : V 2 — > W 2 and T 2 : V 2 — > 
W 2 such that 



and 



T 2 





b^ 




^a 


0 


b^ 


v C 


dj 




vO 


c 








a > 
a 3 




" a i 


a 


1 


a 2 


— 


a 3 


a 


4 


a 5 


a 6^ 




V a 5 


a 



T = T| u T 2 is a neutrosophic linear bi transformation of V = Vi 
uV 2 into W = Wi u W 2 . 

Define a bimap S = Sj u S 2 : 



107 




w = Wj u W 2 -> V = V, u V 2 
where Si : Wi — >■ Vi and S2 : W 2 — > V 2 such that 



Si 



"a 0 


b^ 




^a 


b' 


,0 c 


d J 




v c 


d . 



and 



a, a. 



v a 5 a 6y 



a, a. 



V a 4 



* 6 / 



S = Si u S 2 is clearly a linear transformation from W = W| u 
W 2 to V = Vi u V 2 . 

Now we find T- S and S • T. 



Now 



T-S = T!-SiuT 2 -S 2 



Ti-Si 




Ti 



d v 



"a 0 


b^ 




^a 


b' 


v 0 c 


d J 




v c 


d . 



That is T r Si is the identity transformation of Vi. 
Now consider 



Si-Ti 



a 0 b 
0 c d 



= Ti 



V V 



a 0 b 
0 c d 



W 



J) 



= Ti 



^a b^ 




"a 0 b N 


v c dj 




v 0 c d y 



Thus Si • Ti is the identity transformation of Wj. 
Now consider 
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Thus T 2 • S 2 is the identity linear transformation on V 2 . 
Consider 





a l 


a 2^ 


" a i 


a 2 " 


s 2 -t 2 


a 3 


a 4 — T 2 S 2 


a 3 


a 4 




v a 5 


a 6j 


v a 3 


a 6. 



/ 




\ 


" a i 


a 2 " 


a i 


a 2 


a 3 | 












a 3 


a 4 


v a 4 


a 5 


a e) 


v a 5 


a 6. 



Thus S 2 • T 2 is the identity linear transformation on W 2 . Thus T • 
S — T | • S i u T 2 • S 2 is the identity bilinear transformation on Vj 
u V 2 and S • T = Si • Ti u S 2 • T 2 is the identity linear 
bitransformation on W = Wf u W 2 . 

In view of this example the reader is requested to prove the 
following result. 

Let V = V] u V 2 and W = Wi u W 2 be two strong neutrosophic 
bivector spaces defined over the neutrosophic bifield F = Fi u 
F 2 of type II. Let T = Tj u T 2 be a strong lineal' bitransformation 
from V = V| u V 2 into W = Wj u W 2 . If T is biinvertible then 
the biinverse bifunction T" 1 = T, -1 u T 2 -1 is a bilinear 
transformation from W into V. 

Suppose T = T| u T 2 is a linear bitransformation from the 
strong neutrosophic bivector spaces V = Vi u V 2 into W = Wi 
u W 2 then T is binon singular if and only if T carries each 
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bilinearly independent bisubset of V = V , u V 2 into a bilinearly 
independent bisubset of W = W t u W 2 . 

The following nice result is left as an exercise for the reader. 

THEOREM 2.3.11: Let V — V/ u V2 and w — Wj u W2 be a 
strong neutrosophic bivector spaces defined over the same 
neutrosophic bifield F = Fi uF 2 of type II. If T = T ) uT 2 is a 
bilinear transformation of V into W then the following are 
equivalent. 

i. T = T] uT 2 is biinvertible 

ii. T — Tj uT 2 is binon singular 

Hi. T - Tj UT2 is onto that is the birange ofT - T / UT2 is 
W=W, uW 2 . 



We prove an important result. 

THEOREM 2.3.12: Every (rii, n2) bidimensional strong 
neutrosophic bivector space V = Vj U V 2 defined over the 
neutrosophic bifield F = Fj UF2 is biisomorphic to F " 1 U F’f . 

Proof: Let V = V| u V 2 be a (ni, n 2 ) bidimensional strong 
neutrosophic bivector space over the neutrosophic bifield F = Fi 
u F 2 of type II. Let B = jaj.aj, u } be 

a bibasis of V. We define a bifunction T = Ti u T 2 from V = Vf 
u V 2 into F"' u F 2 " 2 is follows. 

If a = ai u a 2 is in V = Vi u V 2 , let Ta - Ti(aO u T 2 (a 2 ) 
be the (n b n 2 ) pair, (xJ.Xj, ...,xj, ...,x; J of the 

bicoordinate of a = ajUa 2 relative to the biordered bibasis B; 
i.e., the (n b n 2 ) pair such that 

1111 II 2222 22 

a = x,a t + x 2 a 2 + ... + x a u x, a, +x;a 2 + ... + x n ^a” . 
Clearly T is a linear bitransformation; T is a one to one map 
of V = Vi u V 2 onto F," uF” 2 or each T; is linear and one to 
one and maps V; to F" 1 ; i = 1, 2 for every i. Thus as in case of 
vector space transformation by matrices give a representation of 
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bitransformation by bimatrices where the bimatrices are 
neutrosophic bimatrices. 

Let V = Vi u V 2 be a bivector space of (ni, n 2 ) bidimension 
over F = Fi u F 2 . Let W = Wi u W be a bivector space over the 
same bifield F = Fi u F 2 of (mi, m 2 ) dimension. Let 



CO 

II 

'IT' 


■<} 


ill 2 1 

LJ jcX.^ , Ct 2 , . . CX. n2 1 


be a bibasis of V = V i uV ; 


i and 




c={p;,p‘,... 


•pU 


u {Pi 2 .p2.-.P^} 



be a bibasis for W. If T = Ti u T 2 is any bilinear transformation 
of type II from V = V| u V 2 into W = Wi u W 2 then Ti is 
determined by its action on a 1 , i = 1, 2. Each of the (ni, n 2 ) pair 
vector; TjOt- ; j = 1, 2, ..., n. i = 1, 2 is uniquely expressible as a 
linear combination 

m i 

Tit*; =Z A i 11 PL 1 • 

k i -i 

This is true for every i, 1 < j < n^ i = 1, 2; of (3‘ k ; the scalars 
being the coordinates of A‘ j? ..., A‘ mj . Tja' in the basis 
Pp...,P‘ m of C. True for each i; i = 1.2. 

Accordingly the bitransformation T = Ti u T 2 is determined 
by the (mini, m 2 n 2 ) scalars A kj . The m, x n, neutrosophic 

matrix A 1 defined by A k j is called the component neutrosophic 

matrix T ; of T relative to the component basis |a‘ 1 ,a 1 2 ,...,a| 1 j 

and {p 1 1 ,p 1 2 ,...,p‘ in } of B and C respectively. Since this is true 

for every i; i = 1, 2; We have A = A k j uA kj = A 1 u A 2 the 

neutrosophic bimatrix associated with T = Ti u T 2 . Each A 1 
determines the linear transformation T,; for i = 1, 2. If a 1 = 
xja'j + x 2 a 2 + . . . + x‘ n .a‘ n is a neutrosophic vector in V ; then 





f n, X 




( ", X 


T; a‘ = 


T .Z x j a j 


- 


X xi i Ta ' 




V J =1 ) 




v j =1 y 
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( n, 



A f 



2> = ZZ(A^;)Pi, 



; i = 1, 2. 



V j=l k=l 



y v k=i j=i 



If X 1 is the coordinate neutrosophic matrix of a 1 in the 
component bibasis of B then the above computation shows that 
A 1 X 1 is the coordinate neutrosophic matrix of the vector T'a 1 ; 
that is the component of the bibasis C because the scalar 



V j=i 



A,*; 



A 



J 



is the k th row of the column neutrosophic matrix A'X 1 . This is 
true for every i; i = 1,2. Let us also observe that if A 1 is any m, 
x n j neutrosophic matrix over the neutrosophic field F,, then 



( «, 


A 




( m , 


( n > ) 


\ 


Z x , a 


= 


II 


I A k,i x k : 


pi, 


V j=i 


J 




( k =i 


1 J =1 J 


J 



defines a linear transformation T, from V, into W ; , the 
neutrosophic matrix of which is A 1 relative to |oc 1 1 ,a I 2 ,...,a 1 n j 

and [p 1 , ,(11, P‘ m | ; this is true for every i and i = 1.2. Hence 

T = T| u T 2 is a lineal - bi transformation from V = Vi u V 2 into 
W = W, u W 2 . the neutrosophic bimatrix which is A = A i u A 2 
relative to the bibasis B = jaj.ai, .... | u ja^.a?, | 

andC={p;,p‘,...,p^} u{p i 2 ,p^,...,p; 2 }. 

Now as in case of bivector spaces of type II we can in case 
of strong neutrosophic bivector spaces prove that we can 
construct a biisomorphism between the strong neutrosophic 
bispace NL 2 (V, W) and the neutrosophic bispace of all 
neutrosophic bimatrices of biorder (mi x m, m 2 x n 2 ) over the 
same neutrosophic bifield F = Fi u F 2 over which V = V| u V 2 
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and W = W[UW 2 are defined as strong neutrosophic bivector 
spaces of bidimensions (ni, n 2 ) and (mi, m 2 ) respectively. 

Now we will proceed onto define the notion of bilinear 
functionals or which we may call as linear bifunctionals. We 
know lineal - bifunctionals could not be defined for neutrosophic 
bivectors spaces of type I. 

Let V = V 2 u V 2 be a strong neutrosophic bivector space over 
the neutrosophic bifield F = Fi u F 2 of type II. A bilinear 
transformation or linear bitransformation f = f , u f 2 from V into 
the bifield F = F| u F 2 is defined as the linear bifunctional or 
bilinear functional on V, i.e., f = fj u f 2 is a bifunction from V = 
Vi u V 2 into F = Fi u F 2 such that 
f(ca+P) = fj (c 1 a 1 + PO + f 2 (c 2 a 2 + p 2 ) 

= {cjf^aO u c 2 f 2 (a 2 ) } + {fi(P0 u f 2 (P 2 ) } 
where c = Ci u c 2 and a = ajUa 2 and P = Pi u p 2 , p ; a; e Vi, i 
= 1,2. That is f = fi u f 2 where each f ; is a linear functional on 
V i; i= 1.2. 

The following observations are both interesting and important. 
Let F = Fj u F 2 be a neutrosophic bifield and let Fj" 1 u FT be a 
strong neutrosophic bivector space of type II over the bifield F| 
u F 2 . A bilinear functional f = f , u f 2 from F" u FT to F] u F 2 
given by 

fl ( x px 2 ,...,x ni j u f 2 (x 2 ,x 2 ,...,x n2 j 
— XjCtj + x 2 ct 2 + . . . + x n .a n _ vj Xj ctj + x 2 cx, 2 + . . . + x n2 .ct^ 
where a‘ g F;; 1 < j < n ; and i = 1, 2; is a bilinear functional of 

f ; 1 uf"* . 

It is the bilineai' functional which is represented by the 
neutrosophic bimatrix 

— ,ot nj J vj 

relative to the standard bibasis for F" u F" 2 on the bibasis { 1 } 

u { 1} or {1} u {1} for F = Fi u F 2 depending on Fj = N(K;) or 
F; = Kjl respectively; K, - real field; i = 1,2. 
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(Xj = fi(Ej) ; j = 1, 2, n; for every i = 1, 2. Every bilinear 

functional on Fj" uF" 2 is of this form for some biscalar 
|a[,a 1 2 ,...,aj li j u |af,a 2 ,...,a 2 2 }. This is immediate from the 
definition of bilinear functional of type II because we define a‘ 
= fi(E‘). Hence 



f 1 ( X 1 ’ X 2’ • ' X n, ) ^ ^2 ( X 2’ X 2’ • ' X n 2 ) 





( > 






ft 


Z x ; e ; 


uf 2 






V J =1 ) 




v j =1 y 


r 


>i 


n 


l 2 



J=1 J=1 

= X x ' a i - X x ’ a : • 

j=i j=i 

Now we proceed onto define the new notion of strong 
neutrosophic bidual space or equivalently strong dual bispace of 
the strong neutrosophic bivector space V = Vi u V 2 defined 
over the neutrosophic bifield F = Fi u F 2 of type II. 

Now as in case of SNF 2 (V, W) = SNL(V,, WO u SNF(V 2 , 
W 2 ) we in case of bilinear functional have SNF 2 (V, F) = 
SNFCVj, FO u SNF(V 2 , F 2 ). We define V* = SNF 2 (V, F) = 
v; u v; = SNF (V ls FO u SNF (V 2 , F 2 ) 

That is each V ; * is the strong neutrosophic dual space of Vi, 
V; defined over Fj, i = 1,2. We know if the strong neutrosophic 
vector space V i5 dim V ; = dim V* for every i, 1 < i < 2. 

Thus 

dim V - dim V i u dim V 2 
= dim V* 

- dim V* u dim V* . 

If B = |aj,a 2 , ,a^ | u |aj 2 ,a 2 ,...,a 2 2 1 is a bibasis for V = 

Vi u V 2 , then we know for a bilinear function of type II, f = f. 
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u f 2 we have f k on V k is such that f k (a k ) = 8 k true for k = 1, 

2. In this way we obtain from the biset B = Bi u B 2 a pair of n ; 
sets of distinct bifunctionals (i = 1, 2); {f^f, 1 ,...,^ j u 

jf, 2 ,f 2 ,...,f n 2 j- on V = Vi u V 2 . These bifunctionals are also 

bilinearly independent over the bifield F = Fi u F 2 , i.e., 
jf,' , fj, f,' | is lineally independent on V, over the 

neutrosophic field Fi, for every i, 1 < i < 2. 

Thus 

( n, A 



f = 



Z<tt 

V j=i 



■ i = 1,2. 



That is 






f 


n l 

j=l 


n 2 

-z 

j=l 


fi ( a t) = 


S«( 

k=l 


“D 


= 


2>iA, 

k=l 




= 


c i- 





This is true for i = 1 , 2 and 1 — j — n i- 

In particular if each f; is a zero functional f ‘a. = 0 for each 

j and hence the scalar c‘ arc all zero. Thus j are n, 

linearly independent linear functionals of V, defined on F,, true 
for each i; 1 < i < 2. Since V* is of dimension n;; it must be that 

| f , fj , - - - , f ^ | is a basis of V* which is the dual basis of B. Thus 

B* = B, uBj = {f/.f-J,...,^ } u |f, 2 , f^ , f^ 2 1 is the bidual 

basis or dual bibasis of B = |a[ , a!, | u {a 2 ,a 2 ,...,a 2 2 } . 

B* forms the bibasis of V* = V* u V* . 



Interested reader is left with the task of proving the following 
theorem. 
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THEOREM 2.3.13: Let V - V I u V 2 be a finite ( n h n 2 ) 
bidimension strong neutrosophic bivector space defined over 
the neutrosophic bifield F - F t u F 2 . Let B = ja/ j 

u \a) ,a\, ...,af h j = If u B 2 be a bibasis for V = Vj u V 2 . 

There is a unique bidual basis (dual bibasis) B = B t vjB 2 = 

{ f! . f 2 ’ ■ ■ • ’ fn, } U { fl > fl ’ ■ ■ ■ > fn 2 } f° r = V 1 U V 2 SUch that 

f k (otj) - S k . For each bilinear functional f = f 1 u f 2 we 
have 

^ rij 

f= Y.f(a[)fl 

\k=l 

That is 

f={if 1 (ot 1 k )fAJf j f 2 (a 2 k )f k 2 

v k=i y \k=i 

and for each bivector a = a 1 u oC in V = Vj uV 2 we have 

a = fz//(« 7 )^] u fs ^ 2 ( o;2 )^ 2 • 

\k=l J \k=l 

Now we proceed onto defined yet a new feature of the strong 
neutrosophic bivector space of type II. 

Let V = Vi u V 2 be a strong neutrosophic bivector space 
defined over the neutrosophic bifield F = Fi u F 2 of type II. Let 
S = Si u S 2 be a bisubset ofV = ViuV 2 (that is S; c V;; i = 1, 
2); the biannihilator of S is S° = S, uS 2 of bilinear functionals 
on V = Vi u V 2 such that f(a) = 0 u 0 i.e., if f = f 1 u f 2 for 
every a = aj u a 2 £ S = S 2 u S 2 (a 2 e Si, a 2 e S 2 ); f ‘(aO = 0 
for every e S;; i = 1, 2. 

It is interesting to note that S° = S, uS, is a sti'ong 
neutrosophic bisubspace of V* = V* u V* ; whether S = Si u S 2 
is a bisubspace of V = Vi u V 2 or only just a bisubset of V = Vi 
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u V 2 . If S = (0 u 0) then S° = V* =V* u V* . If S = V, i.e., V, 
u V 2 = Si u S 2 then S° is just the zero bisubspace of V = 

v;uv;. 

We leave the following theorem for the reader to prove. 

THEOREM 2.3.14: Let V = Vj u V 2 be a strong neutrosophic 
bivector space of (n h n 2 ) bidimension over the neutrosophic 
bifield F = F } u F 2 of type II. Let W = W 2 u W 2 be a strong 
neutrosophic bisubspace ofV=ViUV 2 . Then dim W + dim W° 
= dim V that is (dim W 2 u dim W 2 ) + dim W, u dim W 2 = dim 

V j u dim V 2 = (n 2 , n 2 ). (That is if dim W = (k 2 , k 2 ) = dim Wj u 
dim W 2 that is (k lt k 2 ) + (n 2 - k h n 2 - k 2 ) = (n 2 , n 2 )). 

Now only in case of strong neutrosophic bivector spaces of 
finite (ni, n 2 ) bidimension over the neutrosophic bifield F = Fi 
u F 2 we are in a position to define the strong neutrosophic 
bihyper subspaces of V = V! u V 2 . 

Suppose V = V| u V 2 be a strong neutrosophic bivector 
space over the neutrosophic bifield F = Fi u F 2 of (ni, n 2 ) 
bidimension. f = f' u f 2 be a bilinear functional on V. The 
binull space of f or the null bisubspace of f denoted by Nf = 

n|, UN 2 . 

The bidimension of N f = dim N|. uN 2 , ; but dim Nf = dim 
V; - 1 = n ; - 1 true for i = 1,2. Thus bidimensin of N f = dim (Vi - 
1) u dim (V 2 - 1) = dimNj., udimN^ 2 . 

We know in a vector space of dimension n a subspace of 
dimension n - 1 is called a hypersubspace likewise in a strong 
neutrosophic bivector space of bidimenion (ni, n 2 ) over the 
neutrosophic bifield F = F| uF 2 the bisubspace of bidimension 
(ni - 1, n 2 - 1), we call that bisubspace to be a strong 
neutrosophic bihypersubspace of V. 

Thus Nf = N' u N 2 , is a strong neutrosophic bihyper subspace 
of the strong neutrosophic bivector space of V = V 1 u V 2 . 
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One can prove as in case of bivector space in case of strong 
neutrosophic bivector spaces of type II if W | = W, 1 u W 2 and 
W 2 = W 2 ‘ u W 2 be strong neutrosophic bivector subspaces of a 
strong neutrosophic bivector space V = V | u V 2 over the 
neutrosophic bifield F = Fi u F 2 of bidimension (ni, n 2 ) then Wj 
= W 2 if and only if W, = W 2 ° that is if and only if 

(w;)° =(W‘)° fori =1,2. 

Further as in case of bivector spaces of type II we can 
define the concept of dual space of a dual space V = V* uv; = 
Vi u V 2 . 

Let V = V| u V 2 be a strong neutrosophic bivector space 
over the neutrosophic bifield F = Fi u F 2 (i.e., each V, is a 
strong neutrosophic vector space over Fi, i = 1, 2) Let V = 
V* u V* be the bivector space which is the bidual of V over the 

same bifield F = Fi u F 2 . The bidual of the bidual space V , i.e., 
V in terms of the bibasis and bidual basis is given in the 
following: 

Let a - a 1 u a 2 be a strong neutrosophic bivector space V 
= Vi u V 2 then a induces bilinear function L a = L'.uL 2 , 

a a a 2 

defined by 

La(f) = L' a , (f')uL^(f 2 ) 

= f (a) 

= f'Ca 1 ) u f 2 (a 2 ) 

f g V* u V,* = V*; f 1 g V*; i = 1, 2. The fact each L 1 , is linear is 

1 z 1 a 

just a reformation of the definition of the linear operators on V 
for each i = 1, 2. The fact that each LL is linear is just a 
reformation of the definition of linear operators in V ; i = 1, 2. 



La(cf+g) = L 1 al (c 1 f 1 + g 1 )+ L; 2 (c 2 f 2 + g 2 ) 

- ( Cl f' + gO (a 1 ) u (c 2 f 2 + g 2 ) (a 2 ) 

= cif 1 (a 1 ) + gi(a’) u c 2 f 2 (a 2 ) + g 2 (a 2 ) 

= cj L a (f) + L a (g) 
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where f = f 1 u f 2 and g = gj u g 2 . If V = V! u V 2 is a strong 
neutrosophic finite (n 1; n 2 ) bidimensional and a ^ 0 = a u a 2 
then L a = L 2 uL 1 , ^ 0 u 0, in other words there exists a 

a a- 

bilinear function f = f 1 u f 2 such that f(a) ^ 0; i.e., f(a) = f'(a') 
u f 2 (a 2 ) for each f'(a) ^ 0; i = 1,2. Further the bimapping a = 
a 1 u a 2 — > L a = L 2 a , uL 2 a , is a biisomorphism ofV = Vj u V 2 

on to V** = V” u V 2 * . 

Several properties in this direction can be analysed by any 
interested reader. 

It can be easily proved as in case of bivector spaces of type 

II; 

“If S = Si u S 2 is any biset of a (ni, n 2 ) bifinite dimensional 
strong neutrosophic bivector space V = Vi u V 2 then (S°) ° = 

((S°)u(S 2 )) = (S°) u(S°) is the bisubspace spanned by S 

= Si vj S 2 . 

Thus if V = Vj u V 2 is a strong neutrosophic bivector space 
of type II defined over the neutrosophic bifield F = F, u F 2 . We 
define the bihypersubspace or hyperbispace of V = Vi u V 2 . 
Assume V = (Vi u V 2 ) is a (ni, n 2 ) dimension over F = Fi u F 2 . 
If N = Ni u N 2 is a bihyperspace of V that is N = Ni u N 2 is of 
(ni - 1, n 2 - 1) bidimensional over F = Fi u F 2 then we can 
define N = N!uN 2 tobea hyper space of V if 

(1) N = Ni u N 2 is a proper strong neutrosophic bi vector 
subspace of V. 

(2) If W is a strong neutrosophic bisubspace of V which 
contains N then either W = N or W = V. 

Condition (1) and (2) together say that N = Ni u N 2 is a proper 
strong neutrosophic bisubspace and there is no larger proper 
strong neutrosophic bisubspace; in short N = N| u N 2 is a 
maximal proper strong neutrosophic bisubspace of V. Thus if V 
= Vi u V 2 is a strong neutrosophic bivctor space over the 
neutrosophic bifield F = Fi u F 2 , a bihyper space in V = Vi u 
V 2 is a maximal proper strong neutrosophic bisubspace of V = 
V|UV 2 over the neutrosophic bifield F = Fi u F 2 . 
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The following property about bihyperspace of V can be 
easily proved. 

If f = f 1 u f 2 is a nonzero bilinear functional on the strong 
neutrosophic bivector space V = Vi u V 2 over the neutrosophic 
bifield F = Fi u F 2 of (ni, n 2 ) finite bidimension over F then the 
bihyperspace of V is the binull space of a non zero bilinear 
functional on V. It need not be unique. 

We just give another interesting property about strong 
neutrosophic bivector spaces over a bifield of type II. 

Let V = Vj u V 2 and W = Wi u W 2 be two strong neutrosophic 
bi vector spaces over the same neutrosophic bifield F = Fi u F 2 . 
For each bilinear transformation T = T| uT 2 from V = Vj u V 2 
into W = Wi u W 2 there is a unique bilinear transformation T‘ = 
T/ u Tj from W* = W* u W* into V* = V* u V* such that 

( T ,‘)“ = (tL uT i)<“ w > 

= gi(T 1 a 1 ) u g 2 (T 2 a 2 ) 

= g(Ta) 

for every g = gi u g 2 e W* = W* u W* and a = a 1 u a 2 in V = 
Vi u V 2 . 

We call T l = T‘ u Tj as a bitranspose of T = Ti u T 2 . This 
bitransformaiton T 1 is also called as the biadjoint of T. 

We now prove an important property about T l . 

Theorem 2.3.15: Let V - V 1 u V 2 and W - W 1 U W 2 be any 
two strong neutrosophic bivector spaces over the neutrosophic 
bifield F — F 1 u F 2 and let T - T 1 u T 2 be a strong 
neutrosophic bilinear transformation from V — V 1 uV 2 into W 
- W 1 u W 2 . The binull space of T - Tf u Tl is the 

biannihilator of the birange of T = T 1 u T 2 . If V and W are 
finite bidimensional then 

i. birank (T ) - birank T. 

ii. The birange of T = T] uf' is the annihilator of the binull 
space ofT-T]UT 2 . 
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Proof: Let g = g 1 u g 2 be in W* = W* u W* the dual space of 
the strong neutrosophic bivector space W = W| u W 2 . By 
definition we have (t‘ ) a = g (Ta) where for each a = a 1 u a 2 

e ViU V 2 . T = T|UT 2 :ViuV 2 ->WiU W 2 . The statement 
that g = g 1 u g 2 is in the binull space of T' = T‘ uT‘ means that 

g(Ta) = 0; i.e., g'Tia 1 u g 2 T 2 a 2 = 0 u 0 for every a = a 1 u a 2 
g V = V 1 uV 2 . 

Thus the binull space T 1 = T,' u T 2 is precisely the 
biannihilator of the birange of T = Ti u T 2 . Suppose V = Vi u 
V 2 and W = Wi u W 2 are finite bidimensional, we say 
bidimension V = (n b n 2 ) and bidimension W = (mi, m 2 ). 

Proof of (i): Let r = (r 1? r 2 ) be the birank of T = Ti u T 2 , i.e., the 
bidimension of the birange of T is (ri, r 2 ). 

By earlier results the biannihilator of the birange of T = Ti 
uT, has bidimension (mi - ri, m 2 - r 2 ). By the first statement of 
the theorem the binullity of T' = T,' uT,' must be (m! - r 1( m 2 - 
r 2 ). Since T 1 = T, 1 u T 2 is bilinear transformation on an (mi, m 2 ) 
bidimensional bispace the birank of T l = T, 1 uT‘ is (m r (mi - 
ri), m 2 - (m 2 - r 2 )) and so T and T 1 have the same birank. 

Proof for ( ii ): Let N = Nj u N 2 be the binull space of T = Ti u 
T 2 . Every bifunction in the birange of T 1 = T,‘ uT, 1 is in the 
biannihilator of N = Ni u N 2 , for suppose f = T‘g; i.e., f 1 u f 2 = 
T/g 1 u T, l g 2 for some g = g 1 u g 2 in W* = W* u W* then if a = 
a 1 u a 2 is in N = Ni u N 2 ; 
f(a) = fV 1 ) u f 2 (a 2 ) 

- (T*)a= (T/g'ja 1 u(T 2 g 2 )a 2 

= g(Ta) 

= g^Tia 1 ) u g 2 (T 2 a 2 ) 

= g‘(0) u g 2 (0) 

= 0 u 0. 
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Now the birange of T l = T,' uT, is a bisubspace of the 
space N° = N“ u and 

dim N° = (ni - dim Ni) u (n 2 - dim N 2 ) 

= birank T 
= birank T‘ 

so that birange of T l must exactly be N°. 

THEOREM 2.3.16: Let V = V / uV 2 and W - W t u W 2 be two 
(nj, n 2 ) and (mi, m 2 ) dimensional bivector spaces over the 
neutrosophic bifield F = Fj u F 2 . Let B be a bibasis of V and 
B* the bidual basis of V*. Let C be a bibasis of W with dual 
bibasis C*. Let T = Ti uTi be a bilinear transformation from V 
into W; let A be the neutrosophic bimatrix of T = Ti u T 2 
relative to B and C and let B be a neutrosophic bimatrix of T 
relative to B*, C*. Then B k = A k fork - 1, 2. That is 

l J l J J 

K - B'vjBt. 

Proof: Given V = Vi u V 2 and W = W| u W 2 are strong 
neutrosophic bivector spaces over the neutrosophic bifield F = 
Fi u F 2 . Given V = Vi u V 2 is (ni, n 2 ) bidimension and W = Wi 
u W 2 is of (mi, m 2 ) bidimension over the bifield F = Fi u F 2 . 
Let 

B = {apCtj, ....a^ | u|aj 

be a bibasis of V = Vj u V 2 and the dual bibasis of B, 



B* = B*uB, = 


: (f 1 f 1 

\ L l ’ 1 2 ’ 




u{ff,f 2 2 , 


-T} 


Let 










C = Ci u C 2 = 




■••’PU 


'-’{PJ.Pzv 


-•PI.} 


be a bibasis of W = W 


i w 2 . 








The dual bibasis of C, 










c*= c;uc; = 


\§P§2’ 


•••'gmi} 




—si,} 


Now by definition for 1 


a = a 1 u a 2 ; 






m t 

T k a‘ = £ 


A^Phj 


= 1,2, . 


n k ;k = 


1,2. 



i=l 
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£B k f k ;j= 1,2 m k and k = 1,2. 

i=l 

= g-CT^af) 

fm k \ 

- $ Z a p.Pp 

\p =1 / 

m k 

= SXsHft) 

P = 1 

m k 

= 2>A, 

P=1 

= A ^‘ 

For any bilinear functional f = f 1 u f 2 on V, 

m k 

f k = Zf k (a 1 k )f 1 k ; k = 1.2. 

i=l 

If we apply this formula to the functional f k = and use the 
fact (T^g k )a k = A k , we have 

(T.'g?) = XA‘f‘ 

i=l 

from which it follows B k = A k ; true for k = 1,2. That is 

B^B^A'^. 

If A = A 1 u A 2 is a (m, x n k m 2 x n 2 ) neutrosophic bimatrix 
over the neutrosophic bifield F = F[ u F 2 then the bitranspose of 
A is the (nj x mi, n 2 x m 2 ) neutrosophic bimatrix A* defined by 

KM A T = A A A f 

We leave it as an exercise for the reader to prove the birow 
rank of A is equal to the bicolumn rank of A. that is for each 
neutrosophic matrix A 1 we have the column rank of A 1 to be 
equal to the row rank of A 1 ; i = 1, 2. 




Further 

(T‘g k )(a k ) 
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We see all these results holds good for strong neutrosophic 
bilinear algebras defined over the neutrosophic bifield Fi u F 2 = 
F with appropriate modification if necessary. 

Now we proceed onto define the notion of neutrosophic 
bipolynomial over a neutrosophic bifield F = Fi u F 2 . 

DEFINITION 2.3.34: Let F[x ] = Fj[x] uF 2 [x] be such that each 
Fjjx I is a polynomial over F h Fi a neutrosophic field; i = 1, 2 
and F f ^ F 2 i.e., F = F t uF 2 is a neutrosophic bifield. We call 
F[x ] the neutrosophic bipolynomial over the neutrosophic 
bifield F = Fj u F 2 . Any element p(x) € F[x ] will be the form 
p(x) = pi(x) up 2 (x) where pfx) is a neutrosophic polynomial in 
Fjjxj; i.e., p,(x) is a neutrosophic polynomial in the variable x 
with coefficients from the neutrosophic field F u i - 1, 2. The 
bidegree ofp(x) is a pair given by (n h n 2 ) where n ,• is the degree 
of the polynomial p,(x); i = 1, 2. 

We will illustrate this situation by some simple examples. 

Example 2.3.73: Let F = Fi u F 2 = Z 3 1 u QI be a neutrosophic 
bifield. F[x] = F,fxl u F 2 [x] = Z 3 I[x] u QI[x] = {all 
polynomials in the variable x with coefficients from the 
neutrosophic field Z 3 I} u {all polynomials in the variable x 
with coefficients from the neutrosophic field QIjis a 
bipolynomial strong neutrosophic bivector space over the 
neutrosophic bifield F = Fi uF; = Z 3 I u QI. 

Let p(x) = 21 + lx + 2Ix 3 + lx 7 u 31 + 7Ix + 2701 x 7 - 57621 
x 9 + 30061 x 29 ; p(x) e F[x], 

Example 2.3.74: Let F = Fi u F 2 = N(Q) u N(Zn) be a 
neutrosophic bifield. F[x] = Fi[x] u F 2 [x] = N(Q)[x] u 
N(Z n )[x] = {all polynomials in the variable x with coefficients 
from the neutrosophic field N(Q)} u {all polynomials in the 
variable x with coefficients from the neutrosophic field N(Zn)} 
is a bipolynomial strong neutrosophic bivector space over the 
neutrosophic bifield F = N(Q) u N(Zn). 
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Take p(x) = Pi(x) u P2(x) = 3 + 17x 2 - 245 x 5 + 346 x 7 - 
93/2 x 8 + 471 x 9 - 5009 x“ u 31 + 8 + 4Ix + 5x 2 + 101 x 7 + 2x n 
+ 9x 20 g F[x] is a bipolynomials with coefficients from the 
bifield N(Q) u N(Z U ) 

Definition 2.3.35: Let F[x ] = Ffx] u F 2 [x] be a 
bipolynomial over the neutrosophic bifield F - Fj u F 2 . F[x] is 
a strong neutrosophic bilinear algebra over the bifield F. Infact 
F[x] is a bicommutative neutrosophic linear bialgebra over the 
bifield F. F[x] the strong neutrosophic bilinear algebra may or 
may not have the biidentity I 2 = 1 ul or I ul or I u 1 or 1 u 1 
depending on the neutrosophic bifield F = Fj u F 2 . We call a 
neutrosophic bipolynomial p(x) - pf x) u p 2 (x) to be bimonic 
polynomial if each pi(x) is a monic neutrosophic polynomial in x 
for i - 1, 2. We will call a neutrosophic bipolynomial to be a 
neu trosophic monic bipolynomial if for each pfx) £ F fx] the 
coefficient associated with the highest degree is I for i - 1, 2. 

We will first illustrate these situations before we proceed on to 
prove further results. 

Example 2.3.75: Let F = Fi u F 2 = Z 7 I u Zi 3 I be a neutrosophic 
bifield. F[x] = F,fxl u F 2 [x] = Z 7 I[x] u Zi 3 [x] = {all 
polynomials in the variable x with coefficients from the 
neutrosophic field Z 7 I} u {all polynomials in the variable x 
with coefficients from the neutrosophic field Z 13 I} is a 
bipolynomial strong neutrosophic bilinear algebra over the 
bifield F = F t u F 2 = Z 7 I u Zi 3 I. 

It is easily verified that F[x] has no monic bipolynomial 
however F[x] has neutrosophic monic bipolynomials. For take 
p(x) = lx 29 + 21 x 8 + 4Ix 3 + 51 u lx 47 + 12Ix 25 + 101 x 12 + 71 
x 4 + 5Ix + 31 e F|[x] u F 2 [x], Clearly p(x) is a neutrosophic 
monic bipolynomial in F(x). 

Example 2.3.76: Let F = Fi u F 2 = N(Z 23 ) u N(Z 47 ) be a 
neutrosophic bifield. F[x] = Fifx] u F 2 [x] = N(Z 23 )[x] u 
N(Z 47 )[x] = {all polynomials in the variable x with coefficients 
from the neutrosophic field N(Z 23 )} u {all polynomials in the 
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variable x with coefficients from the neutrosophic field N(Z 47 )}. 
F[x] is a bipolynomial strong neutrosophic bilinear algebra over 
the neutrosophic bifield F = N(Z 2 3 ) u N(Z 47 ). Take p(x) = pi(x) 
u p 2 (x) e N(Z 23 )[x] u N(Z 47 )[x]; p(x) = {x 48 + 31 x 20 + 15x 12 + 
4Ix 26 + 131 x 7 + 5x 3 + 201 + 4} u {x 104 + 461 x 100 + 45Ix 79 + 
27x 68 + 40x 27 + 37x 5 + lx 2 + 71 + 4} is a monic bipolynomial in 
F[x], 

It is interesting to note that in case of these bipolynomial strong 
neutrosophic bilinear algebra the conditions under which the 
bilinear algebra will have monic bipolynomials and when it will 
never have monic bipolynomials. 

THEOREM 2.3.17: Let F = F 2 u F 2 be a neutrosophic bifield 
F[x] = F t \x l U F 2 [x] be a bipolynomial strong neutrosophic 
bilinear algebra over the neutrosophic bifield F = Fj uF 2 . 

If both F/ and F 2 are of the form K 7 1 and K 2 1 where K / and 
K 2 are real fields then the bipolynomials strong neutrosophic 
bilinear algebra F[x] will not contain monic bipolynomial. 

Proof: Given F = F, u F 2 is a neutrosophic bifield where Fi = 
Ki I and F 2 = K 2 1 with Ki and K 2 real fields. 

F[x] = F|[x] u F 2 [x] = KT[x] u K 2 I[x] is the bipolynomial 
strong neutrosophic bilinear algebra over the neutrosophic 
bifield F = Fi u F 2 . We see clearly F = Fi u F 2 = KT u K 2 I 
does not contain any real element; every bipair in K j I u K 2 I is 
neutrosophic. Flence 1 <£ K ; I for i = 1.2. Thus no bipolynomials 
in the variable x has real coefficients i.e., no polynomial p(x) in 
the variable x in K,I|x ] has real coefficients; for i = 1,2. 

Thus F[x] = K]I[x] u K 2 I[x] has no monic bipolynomial. 
Flence the claim. 

THEOREM 2.3.18: Let F - F ! u F 2 be a neutrosophic bifield. 
F[x I = F fx] u Fijxj be a bipolynomials strong neutrosophic 
bilinear algebra over the neutrosophic bifield F = Fj u F 2 . If 
each Fj is of the form N(K ,) where Ki is a real field for i = 1, 2 
then the bipolynomial strong neutrosophic linear bialgebra has 
monic bipolynomials. 
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Proof: Given F = Fi u F 2 = N(Ki) u N(K 2 ) (where Ki and K 2 
are real fields) is a neutrosophic bifield. F[x] = Fi[x] u F 2 [x] = 
N(Ki)[x] u N(K 2 )[x] is a bipolynomial strong neutrosophic 
bilincai' algebra over the neutrosophic bifield F = F i u F 2 . 

Now clearly KjcN (Ki) for i = 1,2; that is the neutrosophic 
field N (K^ contains the real field Kj as a proper subfield, true 
for i = 1,2. Thus 1 e N (K ; ) for i = 1,2. Now we can take p(x) 
= pi(x) u p 2 (x) where both pi(x) is a monic polynomial of the 
form say x 219 + 71 x 200 + 141 x 14 + 27x 10 + 205 in Ffix] and p 2 (x) 
to be a monic polynomial of the form x 3 + 7x + 211 in F 2 [x] we 
see p(x) is a monic bipolynomial in F[x], 

Flence the claim 

Thus we see when both the neutrosophic fields Fi; i = 1,2, 
are not pure neutrosophic fields then certainly the bipolynomial 
strong neutrosophic bilinear algebra has monic bipolynomials. 

Further even if one of the neutrosophic field F; is a pure 
neutrosophic field that is F; = K ; I where Kj is a real field i = 1, 
2; then F[x] = Fi[x] u F 2 [x] has no bipolynomial which is a 
monic bipolynomial. 

The reader is expected to prove the following results. 

THEOREM 2.3.19: Let F[x ] = FJx ] u F 2 [x] be a strong 
neutrosophic bilinear algebra of bipolynomials over the 
neutrosophic bifield F = Fj uF 2 then 

i. If fix) - fi(x) uf 2 (x) and g(x) = gi(x) u g 2 (x) are two non 
zero bipolynomials in F[x], the bipolynomial fix) g(x) = 
fi(x) gi(x) uf 2 (x) g 2 (x) is a non zero bipolynomial in F[x ]. 

ii. The bidegree of (fix) g(x)) = bidegree of fix) + bidegree 
ofg(x) where bidegree off - (m, n 2 ) and bidegree of g = 
(m h m 2 ). 

Hi. fix) g(x) is monic bipolynomial if both fix) and g(x) are 
monic polynomials and F = F t u F 2 is neutrosophic 
bifielcl of the form F = N(KJ u N(K 2 ) where Kj and K 2 
are real fields. 

iv. fix) g(x) is a monic neutrosophic bipolynomial if both fix) 
and g(x) are monic neutrosophic bipolynomials. (F = KJ 
uK 2 I). 
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V. Iff+g 



- fl + gl ^ g2 
~ (fl + gl) U (fl + g2) 

* 0 uO 

- max (bideg f bideg g). 

vi. Iff, g, h are bipolynomials over the neutrosophic bifield F 
= F, u F 2 . fix) — fi(x) uf 2 (x), g(x) = gfx) u g 2 (x) and 
h(x) = hi(x) uh 2 (x); g(x) ^ 0 uO,f(x) ^ 0 uO and h(x) ^ 
0 uO and iffg = fh then g = h. 

As in case of polynomials we can derive most of the results in 
case of neutrosophic bipolynomial. 

Let A = Ai u A 2 be a strong neutrosophic bilinear algebra 
with biidentity 1 = 1 u 1 over the neutrosophic bifield F = Fi u 
F 2 where we make the convention for any real a = a.\ u a 2 (ai 
and a 2 are both real). 

a 0 = a" u a” = 1 u 1 = 1 2 . 

We cannot derive the properties enjoyed by usual 
bipolynomials. 

Thus to get the analogue of the Lagrange biinterpolation 
formula in case of bipolynomial strong neutrosophic spaces we 
have to make more assumptions. We can derive several results 
analogous to bipolynonrial bilinear algebra. 

Suppose f = f t u f 2 and cl — d | u d 2 be any two non zero 
neutrosophic bipolynomials over the neutrosophic bifield F = Fi 
u F 2 such that bideg d < bideg f (i.e., bideg d = (n b n 2 ) and 
bideg f = (m 1; m 2 ) and iij < m ; for i = 1,2 (then we say bideg d < 
bideg f) then there exists a bipolynonrial g = gi u g 2 in F[x] = 
Fi[x] u F 2 [x] such that either f - dg = 0 that is (f i - djgi) u (f 2 - 
d 2 g 2 ) = 0 u 0 or bideg (f - dg) < bideg f. 

We have also the following interesting result in case of 
neutrosophic bipolynomials. 

THEOREM 2.3.20: Let f - fl u f 2 and d = dj u d 2 be 
bipolynomials over the neutrosophic bifield F - Fj u F 2 and d 
= d; u d 2 is different from 0 uO then there exists bipolynomials 
q = qi U q 2 and r = r t ur 2 in F[x ] = FJx] uF 2 [x] such that f 
= dq + r; i.e.,f = // uf 2 = (d/ qi + rf) u(d 2 q 2 + r 2 ). 
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(2) Either r - tq u r 2 = (0 u 0) or bideg r < bideg d. The 
bipolynomials q = qi u q 2 and r = r; u tq satisfying the 
conditions ( 1 ) and ( 2 ) are unique. 

The proof is direct hence left as an exercise for the reader. 

DEFINITION 2 . 3 . 36 : Let d = di ud 2 be a non zero bipolynomial 
over the neutrosophic bifield F = Fj u F 2 . If f = fi u f 2 is in 
F[x] - F i[x ] uF 2 [x], the proceeding theorem show there exists 
utmost one bipolynomial q = qi u q 2 in F[x] such that f = dq 
i.e., f = fi uf 2 = diqi ud 2 q 2 - If such a q = q 1 uq 2 exists we say 
that d = dj U d 2 bidivides f = f) uf 2 and f is bidivisible by d = 
d t ud 2 andf-fi uf 2 is a bimultiple ofd = di ud 2 and we call 
q = qi u q 2 to be the biquotient of f and d ' = di u and write q 
= f/d that is q = qi uq 2 -ft / d/ uf 2 /d 2 - 

The following result is direct. If f = f| u f 2 is a bipolynomial 
over the neutrosophic bifield F = Fi u F 2 and c = Ci u C2 be an 
element of F. f is bidivisible by x - c = (x - Ci) u (x - C2) if and 
only if f(c) = fi(ci) u f2(c2) = 0 u 0 . 

We can prove the fundamental theorem of algebra namely that 
every polynomial of degree n has atrnost n roots can be proved 
in case of neutrosophic bipolynomials. A bipolynomial f = f! u 
f 2 of degree (ni, n 2 ) over a neutrosophic bifield F = F| u F 2 has 
atrnost (ni, n 2 ) biroots in F = F| u F 2 . Now we will prove 
Taylors formula for bipolynomials over the neutrosophic bifield 
F = Fj uF 2 . 

THEOREM 2 . 3 . 21 : Let F - F] u F 2 be a neutrosophic bifield of 
bicharacteristic (0, 0). c — Ci UC 2 be an element in F = Fj UF 2 
and (m, n 2 ) be a pair of positive integers. If f = fi u f 2 is a 
neutrosophic bipolynomial over the bifield F = Fj u F 2 with 
bideg f <(n ly n 2 ) then 

f D^fcfx-c, ) k ‘ ^ ^ P k: f 2 c 2 (x-c 2 p ' 

kj=0 \ky_ k 2 =0 [^2 
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Proof: We know Taylors theorem is a consequence of the 
binomial theorem and the lineality of the operators D 1 , D 2 , 

D n . We know the binomial theorem 



(a + b) m = £ a m_k b k 

k-0 k 



, f m | m! m(m - l)...(m - k + 1) 

where = = is the familiar 



^k J ki(m-k)! 1.2..Jc = [k 

binomial coefficient giving the number of combinations of m 
objects taken k at a time. 

Now we apply the binomial theorem to the pair of neutrosophic 
polynomials 



X 1 ux 1 " 2 = (d + (x-c ,))” 1 u(c 2 + (x-c 2 )) n 



- £ 1 cr'- kl (x- Cl ) k ‘ u£ 2 c 2 m - k 2 (x-c 2 ) k 

o v c i y o v c 2 

- Icj" 1 ' +m 1 c l m ‘“ 1 (x-c 1 ) + ... + (x-c 1 ) m| | u 
|c 2 ” 2 + m 2 c 2 m2_1 (x - c 2 ) + ... + (x - c 2 ) m2 1 



and this is the statement of Taylor’s biformula for the case 

f= x m ‘ ux” 2 . 

If 

f= IXx-u £ai : x” 2 , 

m, =0 m 2 =0 

D k (c)= Za'jD^x” 1 ^) u£a^D k2 x m2 (c 2 ) 



D 'fiCcJCx — c, ) 1 u ^ D k2 f 2 (c 2 )(x-c 2 ) k 
k 1= 0 [ki_ k 2 -0 [kj 
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“ZZ a n 

k, m, 

ZZ a . 

k 2 m 2 



D k 'x n " (c,)(x -c,) k| 

lii 

D k2 x m2 (c 2 )(x-c 2 ) k2 

^2 



= z<z 

m l k l 

z<z- 

m 2 k 2 



D k 'x m| (c, )(x — c, ) k 

IT 

D k; x mz (c 2 )(x-c 2 ) k2 

^2 



u 



If c = Ci u c 2 is a biroot of the neutrosophic bipolynomial f 
= fi u f 2 with bimultiplicity c = c, u c 2 as a biroot of f = fi u f 2 
is the largest bipositive integer (r 1? r 2 ) such that (x - ci ) r ‘ u (x - 
c 2 ) r2 bidivides f = fi u f 2 . 



Now we have still an interesting result on these neutrosophic 
bipolynomials and their bimultiplicity. 

THEOREM 2.3.22: IfF = Fi UF 2 is a neutrosophic bifield of (0, 
0) bicharacteristic (i.e., each F, is of characteristic zero for i = 
1,2) and f = fi ^ f 2 be a neutrosophic bipolynomial over the 
bifield F = Fi uF 2 with bideg f <(n lt n 2 ). Then the biscalar c - 
c 1 uc 2 is a biroot off = f) uf 2 of multiplicity (r h r 2 ) if and only 
if ( D k ‘f,)(c 1 ) u ( D k '-f 2 )(c 2 ) = 0 u 0; 0 < kj < r, - 1; i - 1, 2. 
D' f, (ci) ^0 for every i = 1, 2. 

Proof: Suppose that (ri, r 2 ) is the bimultiplicity of c = C| u c 2 as 
a biroot of f = fi uf 2 . 

Then there exists a neutrosophic bipolynomial g = gi ug 2 
such that f = (x - Ci) r ‘ g, u (x - c 2 ) r2 g 2 and g(c) = gi(c,) u 
g 2 (c 2 ) * 0 u 0. 

For otherwise f = f[ u f 2 would be bidivisible by (x - C! ) r ‘ +1 
u(x - c 2 ) r2+1 . By Taylors biformula applied to g = gi u g 2 , 
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f = 



■g (D"'g,)(c,)(x-c,)- ^ 



(x-Ci ) r2 £ 



1^1 

(D m2 g 2 )(c 2 )(x -c 2 ) n 



rrij =0 \ LlL l 

n 2 -r 2 m m 2 



n,-r, T^m, 



m 2 =0 | m 2 

r. +m. 



D m ‘ gl (x -c,) r ‘ 1 



no-r 9 mm, 



irij =0 



m, 



^(D^ 2 g 2 )(x-c 2 ) r2+m2 



m, 



Since there is only one way to write f = f, u f 2 (i.e., only one 
way to write each component f, of f; i = 1, 2) as a bilinear 
combination of bipowers of (x - Ci ) k ‘ u (x - c 2 ) k2 ; 0 < ki < n i5 i 
= 1 , 2 it follows that 



(iD^fj ) (Cj) 

He* 



0 

» g(c : ) 

. (k.-r,)! 



if 0 < k ; < r ; - 1 
if r t < kj < n ; . 



This is true for every i, i = 1,2. Therefore D ki fj(Cj) = 0 for 0 < k, 
< r ; - 1; i = 1, 2 and D r ‘ fj(c;) ^ gi(c ; ) ^ 0 for every i, i = 1,2. 

Conversely if these conditions are satisfied, it follows at 
once from Taylor’s biformula that there is a neutrosophic 
bipolynomial g = g, u g 2 such that f = f, u f 2 = (x - c, ) r ‘ g, u 
(x - c 2 ) r2 g 2 and gitcO u g 2 (c 2 ) = g(c) * 0 u 0. 

Now suppose that (r 1? r 2 ) is not the largest positive biinteger 
pair such that (x - c, ) r ‘ u (x - c 2 ) rj bidivides fi u f 2 ; i.e., each 
(x - Ci ) r ' divides f; i = 1,2. then there is a bipolynomial h = hi 
u h 2 such that f = (x - C! ) r,+l tp u (x - c 2 )' 2+1 h 2 . But this implies 

g = gi u g 2 = (x - ci)h, u (x - c 2 )h 2 ; hence g(c) = gi(d) u g 2 (c 2 ) 
= 0 u 0 a contradiction; hence the claim. 

Now we proceed onto define principal biideal generated by the 
neutrosophic bipolynomial d = di u d 2 . 
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DEFINITION 2.3.37: Let F — Fj u F 2 be a neutrosophic bifield. 
A biideal in F[x] = F fx] u F 2 [x] is a strong neutrosophic 
bisubspace m = m / u m 2 of F[x] - F fx] u F 2 [x] such that 
when f -fi uf 2 and g ~ gi u g 2 then fg - f, g } uf 2 g 2 belongs 
to m = m / um 2 ; i.e., eachfgj € m, whenever f is in F[x] and g 
€ m (i = 1,2). 

If in particular the biideal m = d F[x] for some bipolynomial d = 
d! u d 2 in F[x] = Fi[x] u F 2 [x], i.e., the biset of all bimultiple df 
= difi u d 2 f 2 of d = di u d 2 by arbitrary f = f u f 2 in F[x] = 
Fi[x] u F 2 [x] is a biideal; for m is non empty; m infact contains 
d. If f, g e F[x] = Fi[x] u F 2 [x] and c = Ci u c 2 is a biscalar then 
c (df) - dg = (cidjfj - d!gO u (c 2 d 2 f 2 - d 2 g 2 ) = d^Cjfi - gO u 
d 2 (c 2 f 2 - g 2 ) belongs to m = m, u m 2 , that is d;(Cifi - g ; ) g m ; ; i = 
1, 2; so that m is strong neutrosophic bivector subspace. Finally 
m contains 
(df)g = d(fg) 

= (d 1 f 1 )g 1 u (d 2 f 2 )g 2 

= d^figi) u d 2 (f 2 g 2 ) 

as well m = mi um 2 is called the principal biideal generated by 
d = di u d 2 . 



We will prove the following biprincipal ideal or principal 
biideal of F[x] = Fj[x] u F 2 [x], 

THEOREM 2.3.23: Let F = F I u F 2 be a bifield which is a 
neutrosophic bifield and m = mi u m 2 a non zero biideal in 
F[x] = F fx ] u F 2 [x ]. Then there is a unique monic 
bipolynomial d = d , u d 2 in F[x] where each d, is a monic 
polynomial in Ffx ]; i = 1, 2 such that m is the principal biideal 
generated by d. 

Proof: Given F = F, u F 2 is a neutrosophic bifield and F[x] = 
F^x] u F 2 [x] be the bipolynomial strong neutrosophic bivector 
space over the neutrosophic bifield F = F] u F 2 . Let m = iip u 
m 2 be a non zero biideal of F[x] = FJx] u F 2 [x], we call a 
bipolynomial p(x) to be bimonic, i.e. if in p(x) = pi(x) u p 2 (x) 
every p,(x) is a monic polynomial for i = 1,2. Similarly we call 
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a bipolynomial to be biminimal if in p(x) = pi(x) u P 2 (x) each 
polynomial pj(x) is of minimal degree. Now m = mi u m 2 
contains a non zero bipolynomial p(x) = pi(x) u p 2 (x) where 
each p;(x) ^ 0 for i = 1. 2. Among all the non zero 
bipolynomials in m there is a bipolynomial d = di u d 2 of 
minimal bidegree. Without loss in generality we may assume 
that minimal bipolynomial is monic, i.e., d is monic. Suppose f 
= f| u f 2 is any bipolynomial in m then we know f = dq + r = f] 
uf 2 = djqi + ri u d 2 q 2 + r 2 where r = (ri, r 2 ) = (0, 0) or bidegree 
r < bidegree d; i.e., f = fi u f 2 = (diqi + ri) u (d 2 q 2 + r 2 ). Since d 
is in m, dq - diqi u d 2 q 2 e m and f e m so f - dg = r = ri u r 2 e 
m. But since d is a bipolynomial in m of minmal bidegree we 
cannot have bidegree r < bidegree d so r = 0 u 0. 

Thus m = dF[x] = d|F|[x] u d 2 F 2 [x], If g is any other 
bimonic polynomial such that gF[x] = in = giFi[x] u g 2 F 2 [x] 
then there exists non zero bipolynomial p = p, u p 2 and q = qi 
u q 2 such that d = gp and g = dq. i.e., d = d! u d 2 = g i p ! u g 2 p 2 
and g, u g 2 = diqi u d 2 q 2 . Thus 
d = dpq 

= diPiqi u d 2 p 2 q 2 

= (dj u d 2 )pq 

and bidegree d = bidegree d + bidegree d + bidegree p + bideg 
q. Flence bidegree p = bidegree q = (0, 0) and as d and g are 
bimonic p = q = 1 . Thus d = g. 

Flence the claim. 

If in the biideal m we have f = pq + r where p, f e m; i.e., p 
= pi u p 2 e m and f = fi u f 2 e m ; f = fi u f 2 = (piqi + o) u (p 2 
q 2 + r 2 ) where the biremainder r = ri u r 2 e m and is different 
from OuO and has smaller bidegree than p. 

The interested reader is requested to prove the following results. 

COROLLARY 2.3.1: If p 1 , p 2 are bipolynomials over a 
neutrosophic bifield F - Fi uF 2 not all of which are zero; i.e., 
OuO, then there is a unique bimonic polynomial d = d; u d 2 in 
F[x] = F fxj uF 2 [x] such that 



134 




i. d = dj u d 2 is the biideal generated by p 1 , p 2 where p 1 - 
Pj u p, and p = Pj vj p 2 . 

ii. d = d i u d 2 bidivides each of the bipolynomials p = 
p\ u p\ that is d j j p ' ,j - 1, 2 and i = 1, 2. 

iii. d is bidivisible by every bipolynomial which bidivides each 
of the bipolynimial p 1 and p 2 . 

Any bipolynomial satisfying (i) and (ii) necessarily satisfies (Hi). 

Next we proceed on to define greatest common bidivisor or 
bigreatest common divisor. 

DEFINITION 2.3.38: If p 1 , p 2 ( where p 1 = p\ u pi and p 2 = 
p] u pi ) are neutrosophic bipoynomials over the neutrosophic 
bifield F = F/ u F 2 such that both the bipolynomials are not 0 
u 0. Then the monic generator d — d 2 u d 2 of the biideal 
{ Pi Ffxl} + P] Ffx]} u { p\F 2 [x]} + p 2 F 2 [x]J is called the 
greatest common bidivisor or bigreatest common divisor of p 1 
and p 2 . This tenninology is justified by the proceeding 
statement. We say the neutrosophic bipolynomials p 1 - p' u pi 
and p 2 = p] u pi are birelatively prime if their bigreatest 
common divisor is (1,1) or (I, I) or equivalently if the biideal 
they generate is all of F/x / = Ffx] uFfx]. 

This result and definition 2.3.38 can be extended to any 
arbitrary number of bipolynomials p 1 , p 2 , . .., p", n > 2. We will 
now proceed onto define bifactorization, biprime, biirreducible 
of neutrosophic bipolynomials over the neutrosophic bifield F = 
Fi uF 2 . 



DEFINITION 2.3.39: Let F - F] U F 2 be a neutrosophic bifield. 
A bipolynomial f = fi uf 2 in F/x / = Ffx] uFfx] is said to be 
bireducible over the bifield F = Fj u F 2 if there exists 
bipolynomials g, h £ F/x j, g - gi u g 2 and h - hi uh 2 in Ffx] 
= Ffx] uFfx] of bidegree > ( I, 1) or (I, I) such that f = gh - 
gfi u g 2 h 2 - fi uf 2 and if such g and h does not exist f = fi u 
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f 2 is said to be biirreducible over the bifield F = F / U F 2 . A non 
biscalar, bi-irreducible neutrosophic bipolynomial over the 
neutrosophic bifield F - F , u F 2 is called the biprime 
polynomial over the bifield F - Fj uF 2 and some times we say 
it is biprime in F[x] = Ffx] uFfx], 

The following results can be proved by any interested reader. 

THEOREM 2.3.24: Let p = p 1 up 2 ,f-f uf and g - g 1 u g 2 
be neutrosophic bipolynomials over the neutrosophic bifield F 
= F j uF 2 . Suppose that p is a biprime bipolynomial and that p 
bidivides the product fg - fi gi uf 2 g 2 then either p bidivides f 
or p bidivides g. 

THEOREM 2.3.25: If p — p 1 u p~ is a biprime bipolynomial that 
bidivides a biproduct // andf 2 that is ff 2 then p bidivides one of 
the bipolynomial fi or f 2 . 

THEOREM 2.3.26: If F = Fj u F 2 be a neutrosophic bifield a 
non zero biscalar monic neutrosophic bipolynomial in F[x] - 
Ffx] u Ffx I can be bifactored as a biproduct of bimonic 
primes in F[x] = Ffx] u Ffx] in one and only one way except 
for the order. 

THEOREM 2.3.27: Let f = f) uf 2 be a non scalar neutrosophic 
monic bipolynomial over the neutrosophic bifield F - Fj U F 2 

1 n 1 2 n 2 

and let f = p"f . . . pf] U p'f . . . pf be the prime bifactorization 

off For each j,; l<j,<k,; t = 1,2, let f. = f / p"f = Y[p , 

i*j 

then are relatively prime for t - 1, 2. 

THEOREM 2.3.28: If f = f uf 2 is a neutrosophic bipolynomial 
over the bifield F - Fj uF 2 with derivative /' = //u/ 2 ' . Thenf 
is a biproduct of distinct irreducible bipolynomials over the 
bifield F = Fj uF 2 if and only iff and f 'are relatively biprime, 
that is eachfi and f are relatively prime for i = 1, 2. 



136 




Now we proceed onto define bicharacteristics values of a strong 
neutrosophic bilinear operator on a strong neutrosophic bivector 
space V = ViuV 2 over a neutrosophic bifield F = F 2 u F 2 . 

DEFINITION 2.3.40: Let V - Vj u V 2 be a strong neutrosophic 
bivector space over the neutrosophic bifield F = Fj uF 2 and let 
T = T] U T 2 be a bilinear operator on V; i.e., T = Tj uT 2 ; V = 
Vi uV 2 —>V - Vj uV 2 and T, : Vj- —> V„ i = 1, 2. This is the 
only way bilinear operator can be defined on V. A 
bicharacteristic value ofT is a biscalar c = c 2 uc 2 (c, € F h i = 
1,2) in F - F 1 u F 2 such that there is a non zero bivector a = 
a 2 u a 2 in V = Vi uV 2 with Ta = ca; i.e., Ta = Tjcti uT 2 a 2 = 
Ci a/ u c 2 a 2 ; i.e., T,a, = c-,a, i = I, 2. If c = c t u c 2 is a 
bicharacteristic value ofT - T t uT 2 then 

i. any a = a t u a 2 such that Ta - ca is called the 
bicharacteristic bivector ofT -- T , uT 2 associated with the 
bicharacteristic value c - c 2 uc 2 . 

ii. The collection of all a - a 2 u a 2 such that Ta = ca is 
called the bicharacteristic space associated with c. 

If T - T] uT 2 is any bilinear operator on the bivector space V 
- Vj uV 2 . We call the bicharacteristic values associated with T 
to be bicharacteristic roots, bilatent roots bieigen values, 
biproper values or bispectral values. 

These can be neutrosophic or real; will always be 
neutrosophic if F = Fj uF 2 = K 2 IuK 2 l where Kj and K 2 are 
real fields. 

These can be real or neutrosophic if F = F ) u F 2 - N (Kj) 
uN (K 2 ), Kj and K 2 are real fields. 

If T is any bilinear operator and c = Cj u c 2 in any biscalar the 
set of bivector a = a 2 u a 2 such that Ta = ca is a strong 
neutrosophic bivector subspace of V. It is infact the binull space 
of the bilinear transformation (T - cl d ) = (T 2 - Cil d[ ) u (T 2 - 

c 2 I d , ) where I d denotes the unit neutrosophic matrix for j = 1, 
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2. We call c = C[ u c 2 the bicharacteristic value of T = T j u T 2 
if this bispace is different from the bizero space 0 = 0 u 0; that 
is (T - c I d ) = (Ti - Ci I dj ) u (T 2 - c 2 I d2 ) fails to be one to one 

bilinear transformation that is when the bideterminant of T - cl d 
= det(T i - ci I d ) u det(T 2 -c 2 I d J = 0u0. 



We have the following theorem. 

THEOREM 2.3.29: Let T - T ) UT 2 be a bilinear operator on a 
finite (nj, n 2 ) bidimensional strong neutrosophic bivector space 
V - V] u V 2 defined over the neutrosophic bifield F = Fi u F 2 
and let c - Ci u C 2 be a biscalcir in F. The following are 
equivalent. 

i. c = ci UC 2 is a bicharacteristic value ofT = 7) uT 2 . 

ii. The bioperator (T] - ciF, i ) u (T 2 - e 2 1 d _ ) = (T - c If is 

bisingular or ( nor biinvertible. 

Hi. Det(T - elf = 0 uO; i.e., det (T r - c t I d ) uclet (T 2 - C 2 1 d , ) 
= 0 uO. 

This theorem is direct and the interested reader is expected to 
prove it. 

Now we define the bicharacteristic value of a neutrosophic 
bimatrix A = Ai u A 2 where each A, is a n, x n ; neutrosophic 
matrix with entries from the neutrosophic field F ; , i = 1,2. so 
that A is a neutrosophic bimatrix defined over the bifield F = Fi 
u F 2 . A bicharacteristic value of A in the bifield F = Fi u F 2 is a 
biscalar c = c 2 u c 2 in F = Fi u F 2 such that the bimatrix A - cl d 
= (Ai - Ci I d ) u (A 2 - c 2 I d ) is bisingular or not biinvertible. 

c = C] u c 2 is a bicharacteristic value of A = A, u A 2 a (ni x 
n h n 2 x n 2 ) neutrosophic bimatrix over the neutrosophic bifield 
F = Fi u F 2 if and only if bidet (A - cl d ) = 0 u 0; i.e., det (Ai - 
Ci I d ) u det(A 2 - c 2 I d ) = 0 u 0; we form the bimatrix (xl d - A) 

= (xl d - Ai) u (xl d - A 2 ). Clearly the bicharacteristic values of 

A in F = Fi u F 2 are just biscalars c = Ci u c 2 in Fi u F 2 such 
that f(c) = fi(ci) u f 2 (c 2 ) = 0 u 0. For this reason f = fi u f 2 is 
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called the bicharacteristic polynomial of A. Clearly f is a 
neutrosophic bipolynomial of differ degrees in x over different 
neutrosophic fields. It is important to note that f = f] u f 2 is a 
bimonic bipolynomial which has bidegree exactly (n h n 2 ). The 
bimonic neutrosophic bipolynomial is also a neutrosophic 
bipolynomial over F = Fi u F 2 . 

We will illustrate this situation by some examples. 

Example 2.3.77: Let 
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be a neutrosophic bimatrix of order (3 x 3, 4 x 4) over the 
neutrosophic bifield F = F! u F 2 = N(Z 2 ) u N(Z 3 ). The 
bicharacteristic neutrosophic bipolynomial associated with the 
neutrosophic bimatrix A is given by 



(xl d - A) = (xl 3x3 - AO u (xl 4>< 4 - A 2 ) 
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is a neutrosophic bimatrix with neutrosophic polynomial entries. 

f - f i u f 2 

= det(xl d - A) 

= det(x I 3x3 - AO u det (x I 4x4 - A 2 ) 

= { (x + I) (x + 1) x + I (x + 1)} u (x + 1) (x + 21) (x + I) 

(x + 2) + 21 (x + I) (x + 2)} 

= {x 3 + lx 2 + lx + x 2 + lx + 1} u { (x 2 + 2Ix + x + 21) 

(x 2 + 21 + lx + 21) + 2Ix 2 + I 
= {x 3 + (I+ l)x 2 + I} u {x 4 + 21 + lx 2 + 2x 2 }. 
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Thus the bipolynomial is a monic neutrosophic polynomial 
of degree (3, 4) over the bifield F = N(Z 2 ) u N(Z 3 ). 

Example 2.3.78: Let 
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be a neutrosophic bimatrix with entries from the neutrosophic 
bifield F = Fi u F 2 = N(Z 3 ) u N(Z 2 ). The bicharacteristic 
neutrosophic bipolynomial associated with the neutrosophic 
bimatrix A is given by 



(xl d - A) = (x I 2x2 - AO u (x I 3x3 - A 2 ) 
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Let f = fjuf 2 = det(xl d - A) = det(xl 2x2 - Ai) u det(xl 3x3 - A 2 ) 
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= {(x + 21) (x + 1)} u {(x + I) 2 (x + 1)} 

= {x 2 + 2Ix + x + 21} u {(x 2 + 21 + I) (x + 1) 

= (x 2 + 2Ix + x + 21) u (x 2 + I) (x + 1)} 

= {x 2 + (21 + 1) x + 21} u {x 3 + lx + x 2 + I}. 
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We see det(xl d - A) is a neutrosophic bipolynomial which is 
monic neutrosophic bipolynomial of bidegree ( 2 , 3 ) over the 
bifield F = N(Z 3 ) u N(Z 2 ). 

We now proceed onto define similar neutrosophic bimatries 
when the entries of these neutrosophic bimatrices are from the 
neutrosophic bifield F = F| u F 2 . 

DEFINITION 2.3.41: Let A = Ai u A 2 be a (nj x n h 112 x 112) 
neutrosophic bimatrix over the neutrosophic bifield F = F t u 
F2, that is each A, takes its entries from the neutrosophic field 
Fj, i - 1, 2. We say two neutrosophic bimatrices A and B of 
same order are similar if there exists a neutrosophic non 
invertible bimatrix P - Pj u P 2 of (nj xn h n 2 xn 2 ) order such 
that B = P 1 AP where P 1 - Pf 1 U P, 1 , B - Bj UB2 and 
B = Pf' A , P, u Pf 1 A2P2. 

Clearly 

det ( xl,j - B) = det (xfi - P 1 AP ) 

- det (P rl (xl d - A) P) 

= det P det (xl,i -A) det P 

- det(xI d -A) 

= det (xI d -Aj) udet(xl d ^ - A 2 ). 

Thus 

det(xl d -Bi) udet (xI d -B 2 ) = det(xl di -Afu det(xl d - A 2 ). 

DEFINITION 2.3.42: Let T - T 1 uT 2 be a linear bioperator on a 
strong neutrosophic bivector space V = V/ U V 2 over the 
neutrosophic bifield F - Fj u F 2 . We say T = Tj u T 2 is 
bidiagonalizable if there is a bibasis for V - Vj u V2 and for 
each bivector of which is a bicharacteristic bivecor of T = Tj u 
T 2 . Suppose T = Tj uT 2 is a bidiagonalizable bilinear operator. 
Let 

{ c u{Cj,...,Cl 2 } 

be the bidistinct bicharacteristic values of T = Tj uT 2 . Then 
there is a bibasis B = B t u B 2 in which T is represented by a 
bidiagonal matrix which has for its bidiagonal entries the 
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scalars C' each repeated a certain number of times t = 1,2. If 
C\ is repeated d\ times then the neutrosophic bimatrix has the 
biblock form 
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I'j is the di x c/' identity matrix t = 1, 2. 



From this neutrosophic bimatrix we make the following 
observations. 

First the bicharacteristic neutrosophic bipolynomial for T = 
Ti u T 2 is the biproduct of bilinear factors f = f u f 2 = (x - 



c!) dl ...(x-CM 4 ‘ u(x-cf) 



dr 



(x- 



c ^,) dk2 



If the biscalar neutrosophic bifield F = Fi u F 2 is 
bialgebraically closed, if each F, is algebraically closed for i = 1 , 
2; then every bipolynomial over F = Fi u F 2 can be bifactored; 
however if F = Fi u F 2 is not algebraically biclosed 
(bialgebraically closed) we are citing a special property of T = 
Ti u T 2 , when we say that its bicharacteristic polynomial does 
not have such a factorization. 

The second thing to be noted is that d‘ is the number of 
times Cj is repeated as a root of f t which is equal to the 
dimension of the space in V, of characteristic vectors associated 
with the characteristic value C| ; i = 1,2, ..., k t ; t = 1,2. This is 
because the binullity of a bidiagonal bimatrix is equal to the 
number of bizeros which has on its main bidiagonal and the 
neutrosophic bimatrix 

[T - CI d ] B = [T, - C‘l di ] B[ u [T 2 - Cj;l d2 ] B; 

has (d,' , dj 1 ) bizeros on its main bidiagonal. 
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We give some results, the proof of which is direct and the 
interested reader can analyse them. 

THEOREM 2.3.30: Suppose that Ta= Ca that is (T k uT 2 )(a ) u 
0 ( 2 ) - Cicii u C 2 a 2 i.e., T, a t uT 2 a 2 - C/C// uC 2 a 2 ; T - T, u 
T? be a bilinear operator when the biscalar C = C/ uC 2 € F — 
Fj u F 2 (F = F 1 u F 2 a neutrosophic bifield) and a = a 2 u a 2 
is a bivector from a strong neutrosophic bivector spaceV - V t 
u V 2 over F = Fj u F 2 . Iff = j) uf 2 is any bipolynomial then 
f(T)a -f(C)a; i.e., 

fi(Ti) a] uf 2 (T 2 ) a 2 =fi(Ci) a 2 uf 2 (C 2 ) a 2 . 



THEOREM 2.3.31: Let T — Ti uT 2 be a linear bioperator on the 
finite ( it/, n 2 ) bidimensional strong neutrosophic bivector space 
V - V 1 uV 2 over the bifield F = F/ uF 2 . If { C I I ,C I 2 ,...,C I ki j u 

{ C] , C) ,..., Cl } be distinct bicharacteristic values ofT=T]U 
T 2 . Let Wj = W- u Wjl be the strong neutrosophic bisubspace of 
bicharacteristic bivectors associated with the bicharacteristic 
values Ci = C,' u Cf . If W = { W/ + . . . + W,' } u 

| Wj + . . . + W k ) | the bidimension 
W = | (dimWj + . . . + dim u dimWj + . . . + dim 
= dim W 1 u dim W 2 . 

Infact if B\ is the basis of W[ ; 1 < i, < k„ t = 1, 2, then B - 
{B 1 1 ,...,B' ki } u[b],...,bI] is a bibasis of W. 

THEOREM 2.3.32: Let T = T / u T 2 be a bilinear operator 
(linear bioperator ) of a finite (n h n 2 ) bidimension strong 
neutrosophic bivector space V - V/ uV 2 over the bifield F - Fj 
L JF 2 . 

Let | C/, . . . , C* ki | u | C] , . . . , | be the distinct 

bicharacteristic values ofT=TiUT 2 and let W, - W '/ U W t 2 be 
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